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VELIKIH REALNIH OMREŽJIH NA
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Povzetek

Svetovni splet, nevronska mreža, “Facebook” in vodovod so vse primeri komple-

ksnih omrežij, sestavljenih iz velikega števila med seboj povezanih komponent (t.j.

vozlǐsč). Pri tem pa je v različnih realnih omrežjih moč opaziti karakteristične vzorce

povezovanja, ki jih značilno ločijo od regularnega ali naključnega sveta. Proučevanje

zgradbe velikih realnih omrežij je tako trenutno izjemno aktivno področje v fiziki,

matematiki, računalnǐstvu in informatiki, ter tudi drugod, uporaba za-to razvitih

metod in pristopov pa predstavlja temelj številnih uspešnih podjetij (npr. “Google”).

Pričujoča doktorska disertacija se v prvi vrsti ukvarja z razvojem pristopov za

odkrivanje karakterističnih skupin vozlǐsč v velikih kompleksnih omrežjih (npr. tesno

povezanih skupin vozlǐsč). Predstavljene so različne metode in tehnike odkrivanja

skupin na osnovi izmenjave oznak med vozlǐsči, ki močno izbolǰsajo robustnost in

natančnost izmenjave, hkrati pa pristop razširijo še na odkrivanje splošneǰsih skupin

vozlǐsč. Predlagane razširitve in izbolǰsave tako skupaj predstavljajo celovito rešitev

za odkrivanje skupin, pri tem pa za razliko od večine drugih pristopov ne zahtevajo

nikakršnega predhodnega znanja o zgradbi omrežja. Uspešnost na sintetičnih in re-

alnih omrežjih z znano zgradbo je vsaj primerljiva z najbolǰsimi obstoječimi pristopi,

dočim je asimptotična časovna zahtevnost blizu idealne. Poleg tega so predlagani

pristopi enostavni za razumevanje in implementacijo, ter omogočajo vključitev po-

ljubnega dodatnega znanja o proučevani domeni. Poudarimo, da se z omenjenimi

lastnostmi lahko ponašajo le redki drugi pristopi v literaturi.

Pričujoča disertacija se osredotoča tudi na proučevanje skupin vozlǐsč v omrežjih

programja, ki verjetno predstavlja eno od najkompleksneǰsih človeških stvaritev, a je

le malo znanega o zgradbi kakovostnega programja. Analize kažejo, da programska

omrežja vsebujejo izrazite skupine vozlǐsč, ki razmeroma dobro pojasnijo njihovo

zgradbo, hkrati pa hierarhije skupin delno sovpadajo z organizacijo pripadajočih

programskih knjižnic. Na podlagi slednjega so predstavljeni tudi različni praktični

primeri uporabe odkrivanja skupin v programskem inženirstvu.
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Doktorska disertacija temelji na štirih objavljenih delih, ki skupaj tvorijo jedro

besedila, ter so v disertacijo vložena v enaki obliki, kot v publikaciji, ki jih je izdala.

Ključne besede

teorija ali analiza omrežij, skupine vozlǐsč, skupnosti, moduli, odkrivanje skupin,

izmenjava oznak, realna omrežja, programska omrežja, programsko inženirstvo



Abstract

Detecting groups of nodes in large real-world networks using label

propagation

The World Wide Web, wiring of a neural system, “Facebook” and a plumbing

are all examples of complex networks composed of a large number of interconnected

components denoted nodes. Many such real-world networks reveal characteristic

patterns of connectedness that are far from regular or random. Analysis of the

structure of large real-world networks is thus an active research field in physics,

mathematics, computer science and informatics, whereas network analysis also rep-

resents the foundations of many successful companies (e.g., “Google”).

Present doctoral thesis focuses on the development of approaches for detection

of characteristic groups of nodes in large complex networks. We present different

group detection methods and techniques based on label propagation that improve its

robustness and accuracy, and extend the approach to more general groups of nodes.

Presented advances represent a complete solution for group detection. In contrast

to most other approaches, ours do not require any prior knowledge about the struc-

ture of the network. Performance on synthetic and real-world networks with known

structure is at least comparable to current state-of-the-art approaches, while the

asymptotic complexity is near ideal. Furthermore, presented approaches allow sim-

ple comprehension and implementation, and also a straight-forward incorporation of

arbitrary knowledge about the underlying domain. Note that the above-mentioned

properties are met by only a few other approaches in the literature.

The doctoral thesis also focuses on the analysis of groups of nodes in software

networks. Complex software is probably one of the most sophisticated human-made

systems, however, only little is known about the actual structure of high-quality

software projects. Analyses show that software networks contain significant groups

of nodes that are relatively well depicted in the network structure, whereas the group
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hierarchy also roughly coincides with the organization of the corresponding program

libraries. Based on the latter, we present different practical applications of group

detection in software engineering.

Doctoral thesis is based on four published papers that together constitute the core

of the thesis, and are included in the same form as published.

Keywords

network theory or analysis, node groups, communities, modules, group detection,

label propagation, real-world networks, software networks, software engineering
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1
Uvod

Pred več kot tristo leti je prebivalce pruskega Königsberga, danes Kaliningrad v

Rusiji, mučila naslednja matematična zagonetka. Skozi mesto teče reka Pregel, med

bregovoma reke pa ležita dva otoka. Preko reke je v tistem času vodilo sedem mostov,

kot to prikazuje slika 1.1(a). Prebivalci so se vrsto let spraševali, ali je moč prečkati

vse mostove v mestu tako, da vsakega od njih obǐsčemo natanko enkrat? Se je pri

tem moč vrniti na začetno mesto? Omenjeni vprašanji danes poznamo kot “Problem

königsberških mostov” (angl. “Königsberg bridge problem”).

Rešitev je leta 1736 podal švicarski matematik Leonard Euler [1]. Pri tem pa

je bila ključnega pomena ustrezna predstavitev problema. Euler je namreč opazil,

da je pot, ki jo opravimo po kopnem, za rešitev nepomembna. Povedano drugače,

pomemben je le vrstni red, v katerem prečkamo mostove. Bregova reke in otoka je

zato predstavil zgolj s štirimi točkami, mostove pa s črtami med njimi. Dobljenemu

objektu pravimo matematični graf in je prikazan na sliki 1.1(b). Točke in črte grafa

označujemo z izrazoma vozlǐsča (angl. vertex, node) in povezave (angl. edge, link),

številu povezav, ki so krajǐsče nekega vozlǐsča, pa pravimo stopnja (angl. degree).

Problem prečkanja mostov je ekvivalenten sprehodu po grafu, kjer vsako pove-

zavo obǐsčemo natanko enkrat. Euler pa je pri tem poudaril, da mora tak sprehod

vsako obiskano vozlǐsče tudi zapustiti. Tako neposredno sledi, da imajo vsa vozlǐsča

v grafu sodo stopnjo. Natančneje, obstajata lahko le dve vozlǐsči z liho stopnjo, ki

predstavljata začetek in konec sprehoda. Ker so v zgornjem grafu štiri vozlǐsča z liho

stopnjo, “Problem königsberških mostov” nima rešitve. (Rešitev obstaja, v kolikor

na poljubno mesto dodamo most.)

Eulerjevo delo navadno smatramo za začetek teorije grafov (angl. graph theory),

področja matematične kombinatorike, ki se ukvarja s proučevanjem grafov. S soro-
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2 Uvod

(a) (b)

Slika 1.1: “Problem königsberških mostov” [1]. (a) Mostovi preko reke Pregel v

mestu Königsberg v 18. stoletju. (b) Pripadajoč matematični graf s štirimi vozlǐsči

(bregova reke in otoka) ter sedmimi povezavami (mostovi). Slika (a) je povzeta po [2].

dnimi problemi se je približno stoletje kasneje ukvarjal tudi irski fizik William R.

Hamilton ter še utrdil področje. Nemški fizik Gustav R. Kirchhoff je leta 1845 s

svojimi zakoni postavil osnove analize električnih vezij, kemik F. August Kekulé pa

je dobrih deset let po tem nakazal uporabo grafov še v molekularni kemiji. Teorija

grafov se tako že v tistem času izkaže kot nepogrešljivo orodje za proučevanje kom-

pleksnih sistemov, sestavljenih iz velikega števila med seboj povezanih komponent.

Podrobneǰsi pregled sodobne teorije grafov najdemo v [3, 4].

V 30. letih preteklega stoletja so podobno zanimanje pokazali tudi v družbo-

slovnih znanostih. Romunski psiholog Jacob L. Moreno, ki je proučeval medse-

bojno delovanje med posamezniki v skupinah, je namreč v svoji knjigi leta 1934

objavil prve primere analize odnosov v družbi z uporabo grafom podobnih struktur

(glej sliko 1.2), ki jih je poimenoval sociogrami [5] (angl. sociogram). Slednje štejemo

za začetek sociometrije (angl. sociometry), ki med drugim predstavlja tudi temelj

sodobne analize spletnih družbenih medijev (npr. “Facebook”).

Podobno je v 70. letih amerǐski sociolog Wayne Zachary proučeval odnose med

člani karate kluba na severnoamerǐski univerzi [6]. Na podlagi neposrednega opa-

zovanja je zgradil eno od danes verjetno najprepoznavneǰsih mrež prijateljstev, ki

je prikazana na sliki 1.3(a). Tekom dvoletne raziskave je namreč prǐslo do spora

o vǐsini članarine med lastnikom kluba in glavnim inštruktorjem, kar je povzročilo

razpad kluba na dva dela. Pri tem pa je posebej zanimivo dejstvo, da je delitev

v dve skupini jasno vidna že na sliki 1.3(a), ko spora, vsaj na načelni ravni, sploh

še ni bilo. Omenimo, da se pričujoča doktorska disertacija med drugim ukvarja z

razvojem pristopov za odkrivanje takih in podobnih skupin vozlǐsč.

Poleg enostavnih mrež so bile pogosto proučevane tudi dvodelne (angl. two-mode)

mreže (glej sliko 1.3(b)), ki jih predstavimo z bipartitnimi grafi (angl. bipartite
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(a) Predšolski otroci (b) 2. razred (c) 4. razred

(d) 6. razred (e) 8. razred

Slika 1.2: Mreže prijateljstev med predšolskimi in osnovnošolskimi otroci, ki pri-

kazujejo odnos med spoloma tekom odraščanja [5]. Vozlǐsča na levi strani ustrezajo

dečkom (trikotniki), vozlǐsča na desni pa deklicam (točke). Slike so povzete po [5].
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FIG. 3: The fraction of vertices correctly classified by our
method as the number zout of inter-community edges per ver-
tex is varied, for computer generated graphs of the type de-
scribed in the text. The measurements with half-integer val-
ues zout = k + 1

2
are for graphs in which half the vertices

had k inter-community connections and half had k + 1. Each
point is an average over 100 realization of the graphs. Lines
between points are included solely as a guide to the eye.

B. Zachary’s karate club study

While computer-generated networks provide a repro-
ducible and well-controlled test-bed for our community-
structure algorithm, it is clearly desirable to test the al-
gorithm on data from real-world networks as well. To
this end, we have selected two datasets representing real-
world networks for which the community structure is
already known from other sources. The first of these
is drawn from the well-known “karate club” study of
Zachary [25]. In this study, Zachary observed 34 mem-
bers of a karate club over a period of two years. Dur-
ing the course of the study, a disagreement developed
between the administrator of the club and the club’s
instructor, which ultimately resulted in the instructor’s
leaving and starting a new club, taking about a half of
the original club’s members with him.

Zachary constructed a network of friendships between
members of the club, using a variety of measures to es-
timate the strength of ties between individuals. Here
we use a simple unweighted version of his network and
apply our algorithm to it in an attempt to identify the
factions involved in the split of club. Figure 4a shows
the network, with the instructor and the administrator
represented by nodes 1 and 34, respectively. Figure 4b
shows the hierarchical tree of communities produced by
our method. The most fundamental split in the network
is the first one at the top of the tree, which divides the
network into two groups of roughly equal size. This split
corresponds almost perfectly with the actual division of
the club members following the break-up, as revealed by
which club they attended afterwards. Only one node,
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FIG. 4: (a) The friendship network from Zachary’s karate club
study [25], as described in the text. Nodes associated with the
club administrator’s faction are drawn as circles, while those
associated with the instructor’s faction are drawn as squares.
(b) The hierarchical tree showing the complete community
structure for the network. The initial split of the network into
two groups is in agreement with the actual factions observed
by Zachary, with the exception that node 3 is misclassified.

node 3, is classified incorrectly. In other words, the ap-
plication of our algorithm to the empirically observed
network of friendships is a good predictor of the subse-
quent social evolution of the group.

C. College football

As a further test of our algorithm, we turn to the world
of US college football. (“Football” here means Amer-
ican football, not soccer.) The network we look at is
a representation of the schedule of Division I games for
the 2000 season: vertices in the graph represent teams
(identified by their college names) and edges represent
regular season games between the two teams they con-
nect. What makes this network interesting is that it in-
corporates a known community structure. The teams
are divided into “conferences” containing around 8 to 12
teams each. Games are more frequent between members
of the same conference than between members of differ-
ent conferences, with teams playing an average of about
7 intra-conference games and 4 inter-conference games

(a)

 
Figure 5.  Illustration of the new label updating scheme.  

 
 

 
Figure 6.  The initial division (a) and the final community division (b) 
obtained by LP&BRIM in southern women network. Event nodes are 
represented as open symbols with black labels and woman nodes as filled 
symbols with white labels. The nodes in the two communities are indicated 
as circle and rectangle shapes of symbols, respectively. 

 

TABLE I.  THE RESULTS OF ADAPTIVE BRIM AND LP&BRIM IN THE 
AUTHOR-PAPER NETWORK OF ARXIV DATABASE (RUNNING ON A PC WITH 
INTEL CORE 2 DUAL PENTIUM CPU @ 1.83G). 

Algorithm adaptive BRIM LP&BRIM 

Number of communities 128 2176 

Average community size 312.39 18.38 

Bipartite modularity 0.731653 0.783622 

Running time(sec.) 189.032 95.140 
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Figure 7.  Bipartite modularity of the corresponding division generated by 
RandomAssignment&BRIM in the author-paper network of arXiv database. 

V. EXPERIMENTS 

A. Southern Women Network 
As the first experiment, we consider southern women 

network [9] to verify the accuracy of LP&BRIM. This is 
because the network has been broadly analyzed by social 
network researchers and its community structure is known. 
There are 18 women nodes and 14 events nodes, with 89 
edges linking to woman nodes and event nodes if the women 
attended the corresponding events. 

The process of applying LP&BRIM to this network is as 
follows: first, LP probes an initial division, which contains 
two communities: {woman 1-6, event 1-6} and {woman 7-
18, event 7-14}(Fig. 6a); then BRIM refines the initial 
division and obtains another two communities: {woman 1-7, 
9, event 1-7} and {woman 8, 10-18, event 8-14} (Fig. 6b), 
with bipartite modularity increasing from 0.299710 to 
0.321172. Davis, who collected the network data, has ever 
used ethnographic knowledge to divide women into 
communities {1-9} and {9-17} (woman 9 is a secondary 
member of both communities) [9]. Note that, if we only look 
at woman nodes, the final community division by LP&BRIM 
agrees with the one proposed by Davis, except for woman 8. 
Thus LP&BRIM is able to identify true community structure 
in this network. 

(a) 

(b) 

B. Author-paper Network of ArXiv Database 
Now we test the performance of LP&BRIM against 

adaptive BRIM in large-scale networks. First, we apply these 
two algorithms to an author-paper network [11], which 
contains 8638 author nodes and 31348 physics paper (arxiv 
hep-th) nodes, and 64154 edges which represent the 
authorship relations between author nodes and paper nodes. 
Table I shows the results of the experiment. 

Bipartite modularity of the division found by LP&BRIM 
is about 0.05 larger than that by adaptive BRIM. For 
LP&BRIM, LP part found an initial division with bipartite 
modularity being as large as 0.783405. The initial division is 

545454

Authorized licensed use limited to: UNIVERSITY OF LJUBLJANA. Downloaded on April 01,2010 at 08:19:52 EDT from IEEE Xplore.  Restrictions apply. 

(b)

Slika 1.3: (a) Mreža prijateljstev med člani univerzitetnega karate kluba [6]. Oblika

vozlǐsč ustreza delitvi kluba po sporu med lastnikom in inštruktorjem. (b) Dvodelna

mreža žensk (spodaj), ki so se udeležile istih družabnih dogodkov [7] (zgoraj). Oblika

vozlǐsč ustreza razvrstitvi žensk in dogodkov v dve skupini. Sliki sta povzeti po [8, 9].
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Slika 1.4: Povezave med različnimi osebami in organizacijami vpletenimi v politični

škandal v 80. letih v Ameriki [17]. Slika je povzeta po [17].

graphs). Na razvoj sociometrije so pomembno vplivali še amerǐski psiholog Stan-

ley Milgram [10] ter sociologa Linton C. Freeman [11] in Mark Granovetter [12].

Podrobneǰsi pregled sodobne analiza socialnih mrež najdemo v [13, 14].

V času po drugi svetovni vojni je teorija grafov postala tudi pomembno po-

dročje operacijskih raziskav (angl. operations research). Pri tem so bili razviti številni

učinkoviti algoritmi, ki so v uporabi še danes. Amerǐski matematik Frank Harary in

drugi so začeli razvijati teorijo označenih grafov [15] (angl. signed graphs), v katerih

imajo povezave lahko pozitiven ali negativen predznak. Z vpeljavo verjetnostnih mo-

delov v teorijo grafov pa sta leta 1959 madžarska matematika Paul Erdős in Alfréd

Rényi osnovala področje naključnih grafov [16] (angl. random graphs).

Podrobneǰsi pregled sodobne teorije naključnih grafov najdemo v [2].

Grafi so tudi najnaravneǰsa predstavitev citiranj med npr. patenti ali znanstve-

nimi deli. Ker so v tem primeru povezave usmerjene, dobimo usmerjene grafe (angl.

directed graphs). Leta 1965 je tako britanski fizik Derek J. de Solla Price objavil prvo

analizo citiranj med skoraj milijon znanstvenimi deli [18], pri čimer je uporabil ročno

zgrajeno bibliografsko zbirko. Slednja je kasneje postala “Science Citation Index”

(SCI), ki je danes eden od najpopolneǰsih bibliografskih virov na svetu in hkrati

eno od meril pri vrednotenju znanstvene uspešnosti. Z zbiranjem in proučevanjem

bibliografskih podatkov pa se je v tem času začelo razvijati področje informacijskih

ved, ki mu pravimo bibliometrika (angl. bibliometrics).
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(a)

 on January 18, 2013rstb.royalsocietypublishing.orgDownloaded from 

(b)

Slika 1.5: (a) Rečno omrežje v kitajski provinci Shanxi [21]. (b) Del mreže nevronov

pesne ogorčice “Caenorhabditis elegans” [20] (t.j. črv). Sliki sta povzeti po [20, 21].

Predstavitev z grafi se je izkazala tudi pri proučevanju rečnih ter drugih tran-

sportnih omrežij [19] (slika 1.5(a)). Poleg vsega omenjenega pa so v zadnjih dese-

tletjih preteklega stoletja teorijo grafov s pridom začeli uporabljali tudi v organski

kemiji in nevrologiji [20] (slika 1.5(b)), pri proučevanju gospodarskih in političnih

škandalov [17] (slika 1.4) ter še ponekod drugje.

Ob koncu stoletja je področje doživelo silovit razmah. Z razvojem računalnǐske

tehnologije in pojavom svetovnega spleta, ter različnih komunikacijskih omrežij, so

znanstveniki začeli proučevati veliko večje grafe kot v primerih doslej. Dočim je sle-

dnje navadno sestavljalo največ nekaj deset ali sto vozlǐsč, ki jih brez težav narǐsemo

in “analiziramo” s prostim očesom, pa so spletna, komunikacijska in nekatera druga

sodobna omrežja vsebovala tudi do nekaj sto tisoč in več vozlǐsč ter povezav. V

sredǐsču pozornosti niso bila več npr. posamezna vozlǐsča, temveč splošne lastnosti

velikih realnih omrežij. Tako sta leta 1998 fizik Duncan J. Watts in matematik Ste-

ven H. Strogatz pokazala, da je v različnih realnih omrežjih opaziti fenomen malega

sveta [22] (angl. small-world). Podobno sta leto kasneje fizika Albert-László Barabási

in Réka Albert odkrila ter pojasnila obstoj brezlestvičnih omrežij [23] (angl. scale-free

networks). Omenjena dosežka danes smatramo za začetek teorije ali analize omrežij

(angl. network theory, analysis). (Omrežja malega sveta ter brezlestvična omrežja

sta dejansko “opazila” že Milgram in de Solla Price zgoraj, pri tem pa oba pojma

natančneje pojasnimo v razdelku 1.1.)

Sodobna analiza omrežij, za razliko od klasične teorije grafov, v prvi vrsti želi

pojasniti zgradbo velikih kompleksnih omrežij, ki jih najdemo v realnem svetu. V
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doktorski disertaciji tako dosledno ločimo med pojmoma graf in omrežje (angl. ne-

twork). Dočim je omrežje abstrakten pojem, ki naj si ga vsak razlaga po svoje (npr.

svetovni splet, nevronska mreža, vodovod itd.), pa je graf formalna predstavitev

omrežja, ki jo privzamemo pri analizi. Seveda lahko pri tem morebitno dodatno zna-

nje predstavimo z oznakami (angl. label) vozlǐsč ali utežmi na povezavah, pri čimer

dobimo utežene grafe (angl. weighted graphs). Omrežje si sicer lahko predstavljamo

tudi kot graf z dodatnim znanjem. Pri tem pa je potrebno poudariti, da moč te-

orije omrežij ne temelji na kompleksnosti posameznih povezav med komponentami

proučevanega sistema, ali celo komponent samih (t.j. vozlǐsč), temveč na komple-

ksnih vzorcih medsebojnega povezovanja večjega števila komponent. Enostavnost

predstavitve ter vedno lažja dostopnost velikih realnih omrežij pa sta verjetno dva

ključna razloga za izjemno priljubljenost področja v zadnjih letih. Teorija omrežij je

namreč v tem trenutku aktivno področje v fiziki, matematiki, računalnǐstvu in in-

formatiki, biologiji, družboslovnih znanostih, informacijskih vedah ter tudi drugje.

Podrobneǰsi pregled teorije omrežij najdemo v razdelku 1.1 in [2, 24–26].

Večino realnih omrežij je moč razvrstiti v zgolj štiri skupine (glej prve štiri spo-

daj), kljub temu pa je število vseh proučevanih omrežij danes preveliko za celovit

pregled. V nadaljevanju tako zgolj kratko predstavimo značilne vrste realnih omrežij:

socialna — v socialnih ali družbenih omrežjih (angl. social networks) vozlǐsča pred-

stavljajo ljudi ali živali (lahko tudi drugo), povezave pa ustrezajo proučevanim

odnosom ali interakcijam med njimi. Sem sodijo klasične mreže prijateljstev

(angl. offline social), spletna socialna ali družabna omrežja (angl. online so-

cial), dvodelna omrežja pripadnosti (angl. affiliation) ter omrežja sodelovanj

med znanstveniki in filmskimi igralci (angl. author, actor collaboration);

informacijska — v informacijskih omrežjih (angl. networks of information) vo-

zlǐsča ustrezajo nekim podatkovnim virom, povezave pa ponazarjajo tok in-

formacij skozi proučevan sistem. Sem sodijo zgoraj omenjena omrežja citiranj

(angl. citation), svetovni splet (angl. web (graph)), omrežja vsak z vsakim

(angl. peer-to-peer) ter komunikacijska omrežja (angl. communication);

tehnološka — tehnološka omrežja (angl. technological networks) navadno predsta-

vljajo neko umetno infrastrukturo, ki je podvržena tehnološkim ali drugim

omejitvam. Sem sodijo internet (angl. Internet (map)), telefonsko (angl. tele-

phone) in električno omrežje (angl. power (grid)), različna transportna omrežja

(angl. transport) ter omrežja zgrajena iz programske kode (angl. software), ki
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jih med drugim obravnavamo v pričujoči doktorski disertaciji;

biološka — biološka omrežja (angl. biological networks) ponazarjajo neko obliko in-

terakcije med geni, celicami, nevroni itd. v živih organizmih. Sem sodijo gensko

regulatorna (angl. gene regulatory), metabolična (angl. metabolic), beljakovin-

ska (angl. protein-protein interaction) in nevronska omrežja (angl. neural);

ekološka — najznačilneǰsi predstavnik ekoloških omrežij (angl. ecological networks)

so omrežja povezav “plenilec-plen” v nekem ekosistemu (angl. food (web));

leksikalna — leksikalna omrežja (angl. lexical networks) predstavljajo strukturo

nekega besedila kot je npr. knjiga ali spletna stran. Sem sodijo omrežja sose-

dnosti besed (angl. word adjacency) ter semantična omrežja (angl. semantic);

ekonomska — med ekonomska omrežja (angl. economic networks) sodijo omrežja

trgovanj med državami (angl. financial, trade), bančnih posojil (angl. bank,

credit) ter industrijske proizvodnje (angl. production).

Mnoga realna omrežja ni moč razvrstiti v nobeno od omenjenih skupin. Mednje

sodijo npr. omrežja živilskih sestavin (angl. ingredient) ali okusov (angl. flavor) ter

klimatska (angl. climate) in potresna omrežja (angl. earthquake).

Zgornja delitev ni stroga, saj številna realna omrežja sodijo v različne sku-

pine. Tako so omrežja med pošiljatelji in prejemniki elektronskih sporočil (angl.

e-mail communication) obenem informacijska, saj ponazarjajo tok širjenja neke po-

membne informacije ali virusa med posamezniki, ter hkrati socialna, saj si elektron-

ska sporočila večinoma izmenjujemo s prijatelji, znanci, sodelavci itd. Podobno so

omrežja zgrajena na podlagi objektno-usmerjene programske kode (glej sliko 1.6(a))

na eni strani tehnološka, saj so podrejena logičnim omejitvam in sintaktičnim pra-

vilom programskega jezika, ter na drugi strani informacijska, saj je npr. funkcija v

programu zgolj transformacija podatkov oziroma informacij iz ene oblike v drugo.

Tehnološko omrežje interneta je bilo gotovo med prvimi, ki so v literaturi požela

obilo zanimanja (glej sliko 1.7). Sicer pa so bila v preteklih letih najpogosteje

proučevana različna socialna in informacijska omrežja, kot so sodobna družabna

omrežja in svetovni splet (glej sliko 1.6(b)), ter tudi biološka (npr. genetska, belja-

kovinska) in nekatera druga omrežja (npr. ekonomska). Zaradi vsesplošnosti omrežij

v resničnem in navideznem svetu pa se v literaturi v zadnjem času pojavljajo številne

nove vrste omrežij, ki ponujajo zanimive praktične primere uporabe (npr. omrežja

športnih dogodkov ali glasbenih tokov). Analiza omrežij se namreč pogosto upo-

rablja skupaj z metodami in pristopi podatkovnega rudarjenja (angl. data mining),



8 Uvod

(a) Figure 1: Community structure of political blogs (expanded set), shown using utilizing a GEM
layout [11] in the GUESS[3] visualization and analysis tool. The colors reflect political orientation,
red for conservative, and blue for liberal. Orange links go from liberal to conservative, and purple
ones from conservative to liberal. The size of each blog reflects the number of other blogs that link
to it.

longer existed, or had moved to a different location. When looking at the front page of a blog we did
not make a distinction between blog references made in blogrolls (blogroll links) from those made
in posts (post citations). This had the disadvantage of not differentiating between blogs that were
actively mentioned in a post on that day, from blogroll links that remain static over many weeks [10].
Since posts usually contain sparse references to other blogs, and blogrolls usually contain dozens of
blogs, we assumed that the network obtained by crawling the front page of each blog would strongly
reflect blogroll links. 479 blogs had blogrolls through blogrolling.com, while many others simply
maintained a list of links to their favorite blogs. We did not include blogrolls placed on a secondary
page.

We constructed a citation network by identifying whether a URL present on the page of one blog
references another political blog. We called a link found anywhere on a blog’s page, a “page link” to
distinguish it from a “post citation”, a link to another blog that occurs strictly within a post. Figure 1
shows the unmistakable division between the liberal and conservative political (blogo)spheres. In
fact, 91% of the links originating within either the conservative or liberal communities stay within
that community. An effect that may not be as apparent from the visualization is that even though
we started with a balanced set of blogs, conservative blogs show a greater tendency to link. 84%
of conservative blogs link to at least one other blog, and 82% receive a link. In contrast, 74% of
liberal blogs link to another blog, while only 67% are linked to by another blog. So overall, we see a
slightly higher tendency for conservative blogs to link. Liberal blogs linked to 13.6 blogs on average,
while conservative blogs linked to an average of 15.1, and this difference is almost entirely due to
the higher proportion of liberal blogs with no links at all.

Although liberal blogs may not link as generously on average, the most popular liberal blogs,
Daily Kos and Eschaton (atrios.blogspot.com), had 338 and 264 links from our single-day snapshot

4

(b)

Slika 1.6: (a) Odvisnosti med programskimi razredi javanske knjižnice za delo z

omrežji “JUNG” [27]. Barva vozlǐsč ponazarja štiri visokonivojske pakete knjižnice,

oznake pa ustrezajo identifikatorjem pripadajočih razredov (glej sliko 2.6). (Oznake

so bolje vidne v elektronski različici doktorske disertacije). (b) Spletni dnevniki

(angl. blog) na temo predsednǐskih volitev v Ameriki leta 2004 [28]. Omrežje vidno

razpade na dve skupini vozlǐsč, ki ustrezata delitvi na levo (modro) in desno (rdeče)

usmerjene politične dnevnike. Slika (b) je povzeta po [28].

odkrivanja znanj iz besedil (angl. text mining) ter drugih področij umetne inteligence

(angl. artificial intelligence), kar omogoča razvoj izjemno učinkovitih aplikacij.

Podobno je tudi velikost proučevanih omrežij v literaturi vse večja. Le-ta danes

navadno vsebujejo od nekaj tisoč do nekaj sto tisoč vozlǐsč in povezav. Na stan-

dardnem računalniku je moč analizirati omrežja z nekje do sto milijonov povezav

(z učinkovitimi algoritmi). Za primerjavo, med trenutno največja prosto dostopna

omrežja sodi spletno omrežje “Yahoo!” z več kot milijardo vozlǐsč ter skoraj sedem

milijard povezav [30], pripadajoča datoteka pa zasede 120GB fizičnega pomnilnika.

Danes so na voljo tudi številna orodja za proučevanje omrežij. Omenimo program

“Pajek” [31, 32] slovenskih avtorjev ter “Gephi” [33] in “NWB” [34], knjižnice za delo

z omrežji “JUNG” [27], “SNAP” [35] in “NetworkX” [36] (programski jeziki “Java”,

“C++” in “Python”) ter dodatek za “Microsoft Excel” imenovan “NodeXL” [37].

V nadaljevanju natančneje opredelimo znanstveno področje (razdelek 1.1) ter

predstavimo problemsko domeno doktorske disertacije (razdelek 1.2). Sledi opis

izvirnih prispevkov k znanosti (razdelek 1.3) ter pregled vsebine (razdelek 1.4).
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Slika 1.7: Omrežje več milijonov internetnih poti med podomrežji (angl. subnet)

razreda “C” zbrano v letu 2003 [29]. Barve povezav ustrezajo različnim delom sveta,

dočim postavitev vozlǐsč ne predstavlja dejanske geografske lokacije pripadajočih

omrežnih naprav (ali skupin naprav). Slika je dostopna preko [29].
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1.1 Znanstveno področje

Teorija omrežij se v prvi vrsti ukvarja s proučevanjem splošnih lastnosti in zgradbe

velikih realnih omrežij, ter z razvojem za to potrebnih metod in pristopov [24].

Kljub veliki raznolikosti imajo realna omrežja namreč številne skupne lastnosti, ki

jih značilno ločijo od enostavnih modelov naključnih omrežij [8, 22, 23, 38]. Omrežja

lahko proučujemo na nivoju posameznih vozlǐsč ali povezav, na nivoju (karakteri-

stičnih) skupin vozlǐsč ali povezav ter na nivoju omrežja kot celote.

V preteklosti so se znanstveniki najpogosteje osredotočali na slednje. Sem sodi

že prej omenjen pojav malega sveta [22], ki med drugim pravi, da je povprečna

razdalja (angl. distance) med vozlǐsči (t.j. število povezav v najkraǰsi poti) v realnih

omrežjih zelo majhna. Na primer, povprečna razdalja med 700 milijoni uporabnikov

družabnega omrežja “Facebook” je v letu 2011 znašala zgolj 4,7 [39]. Podobno

so mnoga realna omrežja brezlestvična [23], kar pomeni, da porazdelitev stopenj

vozlǐsč sledi potenčnemu zakonu (angl. power-law). Posledica le-tega je pojav vozlǐsč

z izredno visoko stopnjo imenovanih zvezdǐsča [40] (angl. hub), ki so jasno vidna

tudi na sliki 1.7. Omenimo še, da so realna omrežja tudi izjemno odporna (angl.

robustness) na naključne izpade vozlǐsč oziroma povezav, a hkrati občutljiva na

namerne napade nad omrežjem [38]. Tako je internetno omrežje na sliki 1.7 izredno

odporno na naključne izpade strojne opreme, dočim pa lahko napad na že manǰse

število ključnih komponent omrežja popolnoma ohromi internetni promet.

Podrobneǰsi pregled karakterističnih lastnosti realnih omrežij najdemo v [2, 24].

Dobre kandidate za napad predstavljajo zvezdǐsča in vozlǐsča z visoko sredǐsč-

nostjo [11, 41] (angl. centrality). Obstaja več mer sredǐsčnosti, ki upoštevajo npr.

najkraǰse poti ali pa sredǐsčnost sosedov (angl. neighbour), t.j. neposredno povezana

vozlǐsča. Simetrična mera za primer povezav je vmesnost [8] (angl. betweenness).

Podrobneǰsi pregled karakterističnih vozlǐsč in povezav v realnih omrežjih najdemo v [2, 14].

Pogosto nas zanima tudi gostota omrežja v okolici nekega vozlǐsča, kar merimo

s koeficientom nakopičenosti vozlǐsča [22] ali omrežja [22, 42] (angl. node, network

clustering coefficient). Slednji je v primeru mrež prijateljstev kar enak verjetnosti,

da je prijatelj prijatelja prav tako prijatelj. Omenjena verjetnost je v večini realnih

omrežij relativno velika, kar pomeni, da so le-ta lokalno zelo gosta (angl. dense).

Kljub temu pa velja, da so realna omrežja v splošnem izjemno redka [43, 44] (angl.

sparse), kar je tudi eden ključnih dejavnikov pri razvoju učinkovitih algoritmov.

Ena od možnih razlag zgornjega “protislovja” je pojav karakterističnih skupin

vozlǐsč (angl. node group) v realnih omrežjih. Leta 2002 sta namreč fizika Michelle
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(a) (b)

Slika 1.8: Enostavna primera omrežij s tremi (a) skupnostmi (t.j. skupine tesno

povezanih vozlǐsč) oziroma (b) moduli (t.j. skupine vozlǐsč s skupnimi sosedi). Po-

vezave, ki sovpadajo z razvrstitvijo v skupine, so predstavljene s polno črto.

Girvan in Mark E. J. Newman odkrila, da številna socialna in biološka omrežja,

ter tudi nekatera druga, vsebujejo skupnosti ali komune [8] (angl. community). Le-

te navadno razumemo kot skupine tesno povezanih vozlǐsč, ki so med seboj dobro

ločene (glej sliko 1.8(a)). Skupnosti ustrezajo posameznikom s sorodnimi interesi

v socialnih omrežjih [45] (glej sliko 1.3(a)), stranem s podobno tematiko v sple-

tnih omrežjih [28] (glej sliko 1.6(b)) ter beljakovinskim kompleksom v bioloških

omrežjih [46]. V realnih omrežjih so skupnosti pogosto tudi prekrivajoče [46] (angl.

overlapping), t.j. vozlǐsča lahko pripadajo več skupnostim hkrati, samo-podobne [47]

(angl. self-similar), skupnosti so t.j. (približno) podobne delu samega sebe, ter med

seboj povezane v kompleksne hierarhije [48] (angl. hierarchical).

Poudarimo, da skupnosti ni moč natančno opredeliti, saj se le-te v različnih

vrstah omrežij izražajo drugače [49]. Kljub temu pa si pri delu lahko pomagamo

z naslednjimi definicijami. Krepka skupnost [50, 51] (angl. strong community) je

skupina vozlǐsč, kjer ima vsako vozlǐsče več povezav znotraj skupine kot izven nje.

V kolikor slednje zahtevamo zgolj na nivoju skupine dobimo šibke skupnosti [51]

(angl. weak community). Na drugi strani pa “idealni” skupnosti pravimo klika (angl.

clique) in je definirana kot največja skupina med seboj povezanih vozlǐsč. Podobno je

k-klika (angl. k-clique) največja skupina vozlǐsč, ki so na razdalji največ k. Sorodne

zgornjim so še definicije k-pleksa (angl. k-plex), k-jedra (angl. k-core) in drugih.

Za proučevanje skupnosti v realnih omrežjih, ter posledično uporabo v praktičnih

aplikacijah, je izjemno pomemben razvoj učinkovitih postopkov za njihovo odkri-

vanje. Odkrivanje skupnosti (angl. community detection) je bilo tako v zadnjem

desetletju eno najpopularneǰsih področij v teoriji omrežij [52, 53]. Problem je NP-
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težek [54], v posebnih primerih NP-poln [55] (t.j. učinkovit algoritem verjetno ne

obstaja), kljub temu pa v literaturi najdemo na stotine različnih hevrističnih me-

tod in pristopov [54, 56]. Med njimi pristopi, ki izhajajo iz teorije grafov [57],

spektralni algoritmi [58, 59], statistični pristopi [60, 61], optimizacijske [62, 63] in

več-resolucijske metode [64, 65], pristopi, ki temeljijo na dinamičnih procesih nad

omrežji [66, 67] ter še mnogi drugi [51, 68]. Številni izmed predlaganih pristopov

optimizirajo modularnost Q [69] (angl. modularity), ki meri kvaliteto skupnosti na-

pram izbranemu modelu naključnih grafov [16]. Čeprav je v pomanjkanju drugih

mer modularnost Q v literaturi postala “de facto” standard v odkrivanju skupnosti,

pa je zaradi številnih pomanjkljivosti njena raba danes odsvetovana [70, 71].

Poleg skupnosti pa v omrežjih najdemo tudi druge karakteristične skupine vo-

zlǐsč. Leta 2012 sva računalničarja Lovro Šubelj in Marko Bajec pokazala, da velika

večina realnih omrežij vsebuje tudi jasno definirane module [72, 73] (angl. module).

Slednji so skupine vozlǐsč, ki niso nujno povezana, a so podobno povezana z (osta-

limi) vozlǐsči v omrežju (glej sliko 1.8(b)). Moduli sicer ustrezajo posameznikom s

skupnimi interesi v dvodelnih socialnih omrežjih (glej sliko 1.3(a)), dokumentom s

podobno vsebino v spletnih omrežjih, besedam iste vrste v leksikalnih omrežjih ter

razredom z enako vlogo v programskih omrežjih [60, 72, 73]. Podobno kot skupno-

sti se moduli v realnih omrežjih verjetno prekrivajo ter tvorijo hierarhije [73, 74].

(Moduli so bili v posameznih omrežjih dejansko “opaženi” že pred tem.)

Terminologija skupin vozlǐsč v literaturi ni popolnoma enotna. Moduli so znani

tudi kot angl. link-pattern community, dočim so skupnosti v tem primeru angl. (link-

density) community [72, 75]. Poleg tega so splošne skupine vozlǐsč ponekod poime-

novane angl. module, pri čimer so moduli angl. functional module, class [73, 76]. V

sociometriji oziroma analizi socialnih mrež so skupnosti in moduli proučevani kot

skupine strukturno [77], regularno [78, 79] in splošno ekvivalentnih [80] (angl. struc-

tural, regular, generalized equivalence) vozlǐsč, pri čimer sta dve vozlǐsči regularno

(strukturno) ekvivalentni, če sta povezani z vozlǐsči, ki so prav tako ekvivalentna

(enaka). Z odkrivanjem skupin ekvivalentnih vozlǐsč se ukvarja bločno modelira-

nje [81] (angl. blockmodeling) z začetki v 70. letih preteklega stoletja.

Poudarimo, da moduli pravzaprav vsebujejo skupnosti kot poseben primer, zato

je odkrivanje le-teh, oziroma odkrivanje skupin (angl. group detection) vozlǐsč v

splošnem, prav tako NP-težek problem. Za razliko od prej pa so metode in pristopi za

odkrivanje splošnih skupin mnogo manj pogosti, kar lahko pripǐsemo povečani zah-

tevnosti ter pomanjkanju modelov oziroma znanja o skupinah v realnih omrežjih [72,

73]. V literaturi sicer najdemo metode na osnovi gručenja (angl. clustering) podat-
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kov [82], statistične pristope [60, 83], optimizacijske [84] in kompresijske metode [85],

matrične algoritme [61, 86], bločno modeliranje [80, 87] z razširitvami [88, 89], di-

namične pristope [72, 73] ter še nekatere druge metode [90, 91].

Poleg skupin vozlǐsč lahko omrežja delimo tudi glede na skupine povezav [92, 93]

(angl. link community). Le-te so bile sicer predlagane kot odgovor na vprašanje, kako

prekrivajoče skupine povezati v hierarhije. Poleg omenjenega so bili v preteklosti

pogosto proučevani tudi manǰsi vzorci vozlǐsč in povezav, kot so npr. motifi [94]

(angl. motif) in grafleti [95] (angl. graphlet). Slednje smatramo za gradnike nekaterih

tehnoloških in bioloških omrežij, pri tem pa so vzorci dveh oziroma treh vozlǐsč v

analizi socialnih mrež poznani kot diade in triade [13, 14] (angl. dyads, triads).

Podrobneǰsi pregled karakterističnih skupin v realnih omrežjih najdemo v [13, 53, 54, 96].

Splošne lastnosti realnih omrežij so pogosto proučevane vzporedno z razvojem

modelov naključnih grafov, ki smo jih omenili v preǰsnjem razdelku. Čeprav pred-

vsem želimo, da so dobljena naključna omrežja čimbolj podobna realnim, pri čimer

se opremo na znane lastnosti, pa glavni namen razvoja modelov ni gradnja omrežij,

temveč pojasnitev zgradbe realnih omrežij, oziroma pojavov, ki so prisotni v ozadju.

Na drugi strani pa imajo lastnosti omrežij tudi močan vpliv na različne dinamične

procese (angl. network dynamics), ki se odvijajo nad omrežji [97]. Sem sodi npr.

proučevanje širjenja epidemij (angl. epidemics) v socialnih omrežjih ter kaskadnih

izpadov (angl. cascade failures) preobremenjene mrežne opreme na internetu [98].

Podrobneǰsi pregled dinamičnih procesov v realnih omrežjih najdemo v [97, 98].

Številni od prej omenjenih pristopov odkrivanja skupin imajo vsaj kvadratno

asimptotično časovno zahtevnost, zatorej niso primerni za proučevanje današnjih ve-

likih omrežij. Poleg tega je implementacija algoritmov pogosto obsežna in zapletena,

mnogi pristopi pa zahtevajo tudi določeno predznanje o omrežju (npr. število sku-

pin). Slednjega v primeru velikih realnih omrežij danes ni moč natančno določiti [83].

V pričujoči doktorski disertaciji zato predstavimo različne metode in tehnike odkri-

vanja splošnih skupin vozlǐsč (t.j. skupnosti in modulov), ki temeljijo na izmenjavi

oznak med vozlǐsči [66]. Časovna zahtevnost predlaganih pristopov je blizu idealne

(t.j. linearne), le-ti pa so enostavni za implementacijo in ne zahtevajo nikakršnega

predhodnega znanja (npr. število ali vrsto skupin). Uspešnost na sintetični in realnih

omrežjih z znano zgradbo je primerljiva z najbolǰsimi pristopi v literaturi [72, 99].

Podrobneǰsi pregled prispevkov k znanosti najdemo v razdelku 1.3.

Doktorska disertacija se poleg razvoja pristopov za odkrivanje skupin vozlǐsč

osredotoča tudi na proučevanje le-teh v programskih omrežjih (glej sliko 1.6(a)),

katerih zgradba še ni dokončno pojasnjena. Za predstavitev programja so bila pre-
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dlagana različna omrežja sodelovanj [100, 101] (angl. method, class, package col-

laboration network) in odvisnosti [102, 103] (angl. class, inter-package dependency

networks), diagrami poteka [104] (angl. mirror graph) in arhitekturni diagrami [105]

(angl. architecture map), omrežja sklopljenosti [106] (angl. coupling network) ter

druga [107, 108]. V večini programskih omrežij je opaziti pojav malega sveta [100,

103] ter ponavljajoče se motife [109], omrežja pa so tudi hierarhična [100, 103] ter

brezlestvična v kolikor jih predstavimo z usmerjenimi grafi [105, 107, 110]. V prete-

klosti je bila proučevana tudi odpornost in odvisnosti [111, 112] (angl. mixing) med

stopnjami vozlǐsč [100, 106], poleg tega pa so bili predstavljeni še številni naključni

modeli [100, 105, 113, 114]. Za odkrivanje ključnih vozlǐsč so bile predlagane mere

na osnovi naključnih sprehodov [115, 116] (angl. random walk). Na drugi strani pa so

bile skupine vozlǐsč v programskih omrežjih le redko proučevane [72, 108, 117, 118].

Podrobneǰsi pregled karakterističnih lastnosti programskih omrežjih najdemo v [119, 120].

Poudarimo, da je programje ena od najkompleksneǰsih človeških stvaritev, kljub

temu pa je danes le malo znanega o zgradbi kakovostnega programja [104]. Analiza

karakterističnih skupin vozlǐsč v programskih omrežij tako lahko pomembno pripo-

more k odkrivanju zakonitosti kompleksnega programja ter posledično privede do

razvoja praktičnih aplikacij v programskem inženirstvu (angl. software engineering)

in tudi na drugih področjih. Na primer, različne teorije nakazujejo, da skupine v

omrežjih odvisnosti med komponentami objektno-umerjenega programja sovpadajo

s programskimi knjižnicami, zbirkami oziroma paketi [110, 121], na čimer temeljijo

tudi primeri uporabe, ki jih predstavimo v pričujoči disertaciji.

Podrobneǰsi pregled prispevkov k znanosti najdemo v razdelku 1.3.

1.2 Problemska domena

Doktorska disertacija se ukvarja predvsem z odkrivanjem in proučevanjem karakteri-

stičnih skupin vozlǐsč v velikih realnih omrežjih. V prvi vrsti so predlagane različne

metode in tehnike odkrivanja skupin na osnovi izmenjave oznak (angl. label propaga-

tion), ki so jo sicer kot prvi leta 2007 predlagali Usha N. Raghavan in sodelavci [66].

Pri slednjem si sosednja vozlǐsča v omrežju med seboj izmenjujejo oznake, ki pred-

stavljajo različne skupnosti. Vsako vozlǐsče privzame oznako, ki si jo deli večina

njegovih sosedov, celoten postopek pa ponavljamo, dokler ni doseženo ravnovesno

stanje [122]. Pristop ima skoraj linearno asimptotično časovno zahtevnost [66, 99],

poleg tega pa zaradi svoje algoritmične enostavnosti omogoča preprosto implemen-

tacijo ter dopušča uporabo poljubnega domenskega predznanja [72, 73, 99, 123].
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Pristop izmenjave oznak je bil razširjen tudi na prekrivajoče [124, 125] in hie-

rarhične skupnosti [99, 126], skupnosti z visoko modularnostjo Q [127, 128], dvodelna

in druga omrežja [9, 129], tekoče (angl. stream) obdelave [123, 130] ter tudi vzpore-

dne računalnǐske arhitekture [131, 132]. V literaturi pa najdemo še številne druge

izbolǰsave osnovnega pristopa [123, 133–135] ter tudi primere uporabe v analizi od-

pornosti in stiskanju omrežij [136, 137] (angl. network compression).

Kljub svoji učinkovitosti in enostavnosti, ter številnim izbolǰsavam, ki so bile

predlagane v literaturi, pa ima pristop izmenjave oznak naslednje pomanjkljivosti:

robustnost — zaradi naključnega vrstnega reda obdelave (in posodabljanja) vo-

zlǐsč, pristop že v manǰsih realnih omrežjih vrne večje število razvrstitev v

skupine [122], ki so med seboj tudi relativno različne [138];

natančnost — v omrežjih z manj jasno zgradbo je natančnost pristopa izmenjave

oznak slabša od najbolǰsih pristopov v literaturi [99]. Podobno pristop v velikih

realnih omrežjih pogosto večino vozlǐsč razvrsti v eno skupino [123]; in

splošnost — pristop izmenjave oznak je omejen na odkrivanje tesno povezanih sku-

pin vozlič, zatorej lahko razkrije zgolj skupnosti v omrežju [72]. Poleg tega

pristop morebitne module v realnih omrežju združi v skupnosti [73].

Pričujoča disertacija se osredotoča predvsem na odpravo omenjenih pomanj-

kljivosti izmenjave oznak, pri čimer ohranimo visoko (časovno) učinkovitost, algo-

ritmično enostavnost ter splošno razširljivost pristopa. Delo temelji na predpostavki,

da je slednje moč doseči z ustrezno strategijo preferenčnih vozlǐsč [123], hierarhičnim

preiskovanjem ter analogijo med različnimi skupinami vozlǐsč v omrežju [72, 73].

Metode in tehnike odkrivanja skupin vozlǐsč, ki so predlagane v disertaciji, tako

predstavljajo tri samostojne izvirne prispevke k znanosti (glej razdelek 1.3).

Zadnji, četrti, prispevek pa predstavlja analiza skupin vozlǐsč v kompleksnih

programskih omrežjih. Pri tem privzamemo omrežja odvisnosti med razredi [103,

117] objektno-usmerjenega programja, v katerih naj bi morebitne skupine sovpadale

s paketi pripadajočih programskih knjižnic [110, 121]. Delo temelji na predpostavki,

da skupine vozlǐsč deloma ustrezajo programskim paketom, dočim pa je te navadno

moč prerazporediti v bolj učinkovito obliko (t.j. bolj modularno ali funkcionalno

obliko). Na podlagi dognanj analize lastnosti skupin pa so v disertaciji predstavljeni

tudi različni primeri uporabe v programskem inženirstvu.

V disertaciji se omejimo na neprekrivajoče skupine ter predpostavimo, da je

omrežja moč predstaviti z neusmerjenimi grafi. V nasprotnem primeru smeri pove-
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zav enostavno zanemarimo. Dopuščamo pa uteži na povezavah ter več povezav med

vozlǐsči, ne pa tudi povezav s samim seboj ali zank (angl. loop). Za razliko od eno-

stavnih grafov (angl. simple graph), slednjim pravimo multigrafi (angl. multigraph).

1.3 Prispevki k znanosti

Doktorska disertacija predstavlja naslednje izvirne prispevke k znanosti:

— metode in tehnike odkrivanja skupin vozlǐsč v omrežjih, ki izbolǰsajo ro-

bustnost pristopa izmenjave oznak. Le-te temeljijo na povezavi med vr-

stnim redom izmenjave ter širjenjem oznak po omrežju. Uspešnost na sin-

tetičnih in realnih omrežjih je primerljiva z drugimi pristopi v literaturi;

Prispevek je predstavljen v poglavju 3 ter objavljen v [138, 139].

— metode in tehnike odkrivanja skupin vozlǐsč v omrežjih, ki izbolǰsajo na-

tančnost pristopa izmenjave oznak. Le-te temeljijo na različnih strategi-

jah preferenčnih vozlǐsč ter hierarhičnemu preiskovanju omrežja. Uspešnost na

sintetičnih in realnih omrežjih je primerljiva z najbolǰsimi pristopi v literaturi;

Prispevek je predstavljen v poglavju 4 ter objavljen v [73, 99, 126].

— metode in tehnike odkrivanja skupin vozlǐsč v omrežjih, ki razširijo pri-

stop izmenjave oznak na splošneǰse skupine. Le-te temeljijo na analogiji

med različnimi skupinami vozlǐsč ter njihovimi lastnostmi. Uspešnost na sin-

tetičnih in realnih omrežjih je primerljiva z najbolǰsimi pristopi v literaturi; in

Prispevek je predstavljen v poglavju 5 ter objavljen v [72, 73, 139].

— analiza skupin vozlǐsč v omrežjih odvisnosti med komponentami objektno-

usmerjenega programja. Na podlagi rezultatov in dognanj analize so predla-

gani tudi različni primeri uporabe v programskem inženirstvu.

Prispevek je predstavljen v poglavju 6 ter objavljen v [72, 73, 117, 120].

1.4 Pregled disertacije

Pričujoča doktorska disertacija temelji na štirih objavljenih delih, ki skupaj tvorijo

jedro besedila disertacije. V nadaljevanju tako v poglavju 2 najprej predstavimo

vsebino, teoretično ozadje, zasledovane hipoteze ter znanstveni doprinos objavljenih

del, dočim so sama dela v disertacijo vložena kot poglavja 3, 4, 5 in 6. Dela zapore-

doma ustrezajo prispevkom k znanosti v razdelku 1.3 ter so vključena v enaki obliki,
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kot v publikaciji, ki jih je izdala. Na koncu sledi še kratka razprava objavljenih del

v poglavju 7 ter zaključek z izhodǐsči za nadaljnje delo v poglavju 8.

Podrobneǰsi pregled disertacije se nahaja znotraj posameznih poglavij.
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2
Pregled objavljenih del

Doktorska disertacija temelji na štirih objavljenih delih s področja proučevanja in

odkrivanja karakterističnih skupin vozlǐsč v velikih realnih omrežjih, ki so v diserta-

cijo vložena kot poglavja 3, 4, 5 in 6. Kot smo omenili že v poglavju 1, se tri dela

osredotočajo na izbolǰsave pristopa za odkrivanje skupin, ki temelji na izmenjavi

oznak med vozlǐsči [66]. Pri tem prvi dve deli predlagata različne metode in teh-

nike, ki močno izbolǰsajo robustnost in natančnost izmenjave oznak [99, 138], tretje

delo pa predstavi še razširitev osnovnega pristopa na bolj splošne skupine [72] (t.j.

skupnosti in module). Asimptotična časovna zahtevnost predlaganih pristopov je

blizu idealne (t.j. linearne), le-ti pa so enostavni za implementacijo ter ne zahtevajo

predhodnega znanja o zgradbi omrežja (npr. število ali vrsto skupin). Poleg tega je

uspešnost na sintetičnih in realnih omrežjih (vsaj) primerljiva z najbolǰsimi pristopi

v literaturi. Dela tako skupaj predstavljajo celovit pristop k odkrivanju skupin vo-

zlǐsč v velikih realnih omrežjih ter hkrati pomemben doprinos k znanosti.

Predstavljeno delo je v razširjeni obliki objavljeno v [72, 73, 99, 126, 138, 139].

Zadnje, četrto, delo pa se ukvarja s proučevanjem karakterističnih skupin vo-

zlǐsč v omrežjih odvisnosti med razredi kompleksnega objektno-usmerjenega progra-

mja [117], katerih zgradba še ni dokončno pojasnjena. Zaradi splošnosti so poleg

izmenjave oznak uporabljeni tudi drugi pristopi odkrivanja skupin v literaturi. Re-

zultati analize večjega števila programskih omrežij sicer kažejo, da le-ta vsebujejo

izrazite skupine vozlǐsč, ki lahko pojasnijo njihovo zgradbo, poleg tega pa skupine

tudi (delno) sovpadajo s paketi pripadajočih programskih knjižnic. Pri tem pa je

moč pakete prerazporediti v bolj učinkovito obliko (t.j. modularno ali funkcionalno),

iz česar sledijo tudi različni primeri uporabe v programskem inženirstvu.

Predstavljeno delo je v razširjeni obliki objavljeno v [72, 73, 117, 120, 139].
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V pričujočem poglavju kratko predstavimo vsebino, teoretično ozadje, hipoteze

ter doprinos objavljenih del, začenši z odkrivanjem skupin vozlǐsč v omrežjih.

Objavljena dela so v disertacijo vložena kot poglavja 3, 4, 5 in 6.1

Odkrivanje skupin vozlǐsč v omrežjih

Naj bo omrežje predstavljeno kot neusmerjen utežen multigraf. Pri tem pa lahko

brez izgube za splošnost spodaj, več povezav med parom vozlǐsč združimo, dočim je

utež nove povezave enaka vsoti uteži prvotnih povezav (oziroma številu povezav v ne-

uteženih omrežjih). Posledično dobimo neusmerjen utežen enostaven graf G (V,E),

kjer je V = {v1, v2 . . . vn} množica vozlǐsč ter E množica povezav, m = |E|,

E ⊆ {{vi, vj} | vi, vj ∈ V ∧ i 6= j}. (2.1)

Naj bo wij ∈ R utež na povezavi med vozlǐsči vi, vj ter Ni množica sosedov vi.

Pri tem je |Ni| stopnja vozlǐsča vi, kar označimo z di. Podobno naj bo wi stopnja

vozlǐsča, pri kateri upoštevamo tudi uteži na povezavah, wi =
∑

vj∈Ni
wij . Skupine

vozlǐsč v omrežju predstavimo z oznakami vozlǐsč gi ∈ {1, 2 . . . n} tako, da si vozlǐsča

v neki skupini delijo enako oznako. Vsakemu vozlǐsču pripada natanko ena oznaka,

saj se omejimo na neprekrivajoče skupine. Poleg tega za skupnosti (module) zahte-

vamo še, da so vozlǐsča v skupini povezana (na razdalji največ dva). V nasprotnem

primeru nepovezane skupine obravnavamo kot več različnih skupin.

V nadaljevanju najprej predstavimo prvotni pristop odkrivanja skupnosti v ve-

likih omrežjih na osnovi izmenjave oznak med vozlǐsči [66]. Sledijo izbolǰsave in

razširitve pristopa, ki so bile predstavljene v objavljenih delih [72, 99, 138]. Pou-

darimo, da kljub temu, da slednje vse izpeljemo iz osnovnega pristopa izmenjave

oznak, lahko različne izbolǰsave in razširitve med seboj neodvisno združujemo.

Objavljena dela so v disertacijo vložena kot poglavja 3, 4 in 5.

Izmenjava oznak med vozlǐsči

Osnovni pristop izmenjave oznak temelji na naslednji enostavni iteraciji [66]. Na

začetku vsako vozlǐsče vi razvrstimo v svojo skupino kot gi = i. Nato pa na vsakem

1Dela so bila objavljena v revijah, ki jih indeksira SCI, avtor disertacije pa povsod nastopa kot

edini prvi avtor. Vsebinski prispevek avtorja je obsegal določitev predpostavk in hipotez; zasnovo,

razvoj in implementacijo algoritmov; zasnovo in izvedbo eksperimentov; analizo in interpretacijo

rezultatov ter pisanje del.
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(a) Začetno stanje (b) 1. korak (c) 2. korak (d) Ravnovesno stanje

Slika 2.1: Prikaz odkrivanja skupin na osnovi izmenjave oznak v omrežju s tremi

skupnostmi (glej tekst). Barva vozlǐsč ustreza oznakam skupin, dočim so povezave,

ki sovpadajo z razvrstitvijo v skupine, predstavljene s polno črto.

koraku posodobimo skupine gi tako, da vozlǐsča privzamejo oznake, ki si jih deli

večina njihovih sosedov (v primeru več oznak, naključno izberemo eno [66, 127]),

gi = argmax
g
|{vj ∈ Ni | gj = g}| . (2.2)

Slednje ponavljamo, dokler ni doseženo ravnovesno stanje (t.j. oznake vozlǐsč se ne

spreminjajo [66, 127]). Zaradi tesne povezanosti med vozlǐsči v skupnostih, oziroma

šibke povezanosti sicer, le-ta že po nekaj korakih privzamejo enako oznako skupine

(glej sliko 2.1). Ob koncu zato dobljene skupine proglasimo za skupnosti v omrežju.

Časovna zahtevnost koraka iteracije znaša O(m), saj vsako povezavo obǐsčemo

natanko dvakrat. Na drugi strani pa je število korakov izjemno majhno, saj navadno

že po petih korakih več kot 95% vozlǐsč privzame “pravo” (t.j. končno) oznako [66,

99]. Asimptotična časovna zahtevnost izmenjave oznak je bila sicer ocenjena na

O(m1,23) [99], s čimer se lahko primerjajo le redki pristopi v literaturi [54, 140].

Poudarimo, da je pristop izmenjave oznak zgolj (lokalna) optimizacija enač-

be (2.2) preko vseh vozlǐsč v omrežju. Pri tem pa je trivialna globalna rešitev,

da vsa vozlǐsča razvrstimo v eno skupino (enačba (2.2) je tedaj očitno izpolnjena).

Vendar se izkaže, da se v omrežjih, ki vsebujejo jasno definirane skupnosti, izmenjava

oznak ujame v lokalnem ravnovesnem stanju, v katerem skupine vozlǐsč ustrezajo

skupnostim v omrežju [66, 122]. Dočim slednje navadno smatramo kot slabost lokal-

nih optimizacijskih algoritmov, pa je le-to ključno pri odkrivanju skupin na osnovi

izmenjave oznak (t.j. trivialni globalni rešitvi se izognemo preko lokalnosti pristopa).

Osnovni pristop izmenjave oznak vsa vozlǐsča obravnava enako, saj imajo vsa

enako “moč” širjenja svoje oznake. Slednje opazimo, če v enačbi (2.2) moč množice
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nadomestimo z vsoto (pri tem upoštevamo tudi uteži na povezavah),

gi = argmax
g

∑

vj∈Ni

1 · wijδ(gj , g), (2.3)

kjer je δ Kroneckerjev delta. Na proces izmenjave oznak pa lahko sicer vplivamo z

uporabo preferenc vozlǐsč fi [123] (angl. node preference),

gi = argmax
g

∑

vj∈Ni

fj · wijδ(gj , g), (2.4)

ki jih nastavimo na poljubno lastnost vozlǐsč (npr. stopnjo [99, 123]). Na tem pa

temeljijo tudi izbolǰsave izmenjave oznak, ki jih predstavimo v nadaljevanju.

Uravnotežena izmenjava oznak med vozlǐsči

Prvotno so avtorji izmenjave oznak predpostavili, da se na vsakem koraku itera-

cije vse oznake skupin vozlǐsč posodobijo vzporedno (t.j. naenkrat), kar imenu-

jemo sinhrona izmenjava [66] (angl. synchronous propagation). Vendar se izkaže,

da tak pristop ne doseže nujno ravnovesnega stanja v npr. dvodelnih ali zvezdastih

omrežjih [66, 141]. Avtorji so zato predlagali zaporedno posodabljanje oznak, pri

čimer zaradi splošnosti vozlǐsča pred vsakim korakom še naključno premešamo. Tako

pri posodabljanju oznake vozlǐsča upoštevamo tudi že posodobljene oznake sosedov,

pristop pa imenujemo asinhorna izmenjava [66] (angl. asynchronous propagation).

Asinhrona izmenjava odpravi zgoraj omenjen problem, vendar pa pristop pri

tem postane izjemno nerobusten [122, 128] (t.j. nestabilen). Na primer, v omrežju

na sliki 1.3(a) asihrona izmenjava oznak vrne več kot 500 različnih razvrstitev v

skupnosti [122], oziroma okrog 200 razvrstitev v tisoč ponovitvah [138, 139], pri čimer

ima omrežje zgolj 34 vozlǐsč. Število razvrstitev je v primeru velikih realnih omrežjih

še toliko večje, poleg tega pa so le-te med seboj tudi relativno različne [122, 138].

Slednje je predvsem posledica naključnega vrstnega reda posodabljanja oznak

vozlǐsč na vsakem koraku iteracije [122, 138]. Natančneje, vrstni red na izmenjavo

oznak vpliva podobno kot preference vozlǐsč (glej enačbo (2.4)). Na primer, v ko-

likor v pristopu oznake vozlǐsč posodabljamo po padajočih stopnjah, je dobljena

razvrstitev v skupine podobna kot, če preference vozlǐsč nastavimo na njihove sto-

pnje, oznake pa posodabljamo v naključnem vrstnem redu (in obratno). Povedano

drugače, vozlǐsča, katerih oznake posodobimo na začetku koraka, imajo večjo “moč”

širjenja svoje oznake kot pa vozlǐsča, katerih oznake posodobimo proti koncu [138].

Na podlagi zgornje hipoteze kot preference uvedemo protiuteži vozlǐsč bi (angl.

node balancer), katerih naloga je uravnotežiti naključni vrstni red posodabljanja



23

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1 Linearna
Logistična

µ = 1

µ = 0

µ = 2

µ = 4 µ = 8
µ = 16

Normaliziran indeks vozlišča t

Pr
ot

iu
te
ž 

vo
zl

iš
ča

 b

Slika 2.2: Protiuteži (t.j. preference) vozlǐsč v primeru linearne oziroma logistične

uravnotežene izmenjave oznak pri različnih vrednostih parametra µ (glej tekst).

oznak pri asinhroni izmenjavi oznak. Izmenjava oznak v enačbi (2.3) tako postane

gi = argmax
g

∑

vj∈Ni

bj · wijδ(gj , g), (2.5)

kar imenujemo uravnotežena izmenjava [138] (angl. balanced propagation) oznak.

Naj bo ti ∈ (0, 1] normaliziran indeks vozlǐsča vi v nekem naključnem vrstnem

redu. Protiuteži vozlǐsč lahko definiramo že s preprosto linearno funkcijo kot bi = ti

(glej sliko 2.2), dobljen pristop pa je občutno bolj robusten kot prvotna izmenjava

oznak. V omrežju na sliki 1.3(a) pristop v tisoč ponovitvah vrne zgolj še približno

20 razvrstitev v skupnosti, število različnih razvrstitev pa je tudi v drugih real-

nih omrežij za velikostni red manǰse kot v primeru osnovnega pristopa [138, 139].

Uspešnost lahko še nekoliko izbolǰsamo z uporabo logistične funkcije,

bi =
1

1 + e−µ(ti−λ)
, (2.6)

kjer sta λ, µ ∈ R parametra. Zaradi enostavnosti privzamemo λ = 0,5, dočim

parameter µ omogoča dodaten nadzor nad pristopom. Pri vrednosti µ = 0 dobimo

osnovno izmenjavo oznak v enačbi (2.3) (do konstante natančno), s povečevanjem µ

pa naraščajo razlike med protiutežmi vozlǐsč (glej sliko 2.2). Tako pristop postaja

vedno bolj robusten, s čimer se izbolǰsuje tudi natančnost, vendar pa se pri tem

povečuje časovna zahtevnost [138, 139].

Uravnotežena izmenjava oznak predstavlja pomemben doprinos k odkrivanju ka-

rakterističnih skupin vozlǐsč, saj je osnovni pristop zaradi slabše robustnosti manj



24 Pregled objavljenih del

primeren za uporabo v velikih realnih omrežjih. Predstavljena je v delu z naslovom

“Odkrivanje skupin vozlǐsč z uravnoteženo izmenjavo oznak” [138], ki je v pričujočo

disertacijo vloženo kot poglavje 3, razširjeno razpravo pa najdemo v poglavju 7.

Predstavljeno delo je v razširjeni obliki objavljeno v [138, 139].

Napredna izmenjava oznak med vozlǐsči

Natančnost osnovnega pristopa izmenjave oznak je v velikih realnih omrežjih na-

vadno slabša kot pa v primeru najbolǰsih pristopov v literaturi [99, 126]. Eden od

razlogov za to je, da pristop v omrežjih z manj jasno zgradbo pogosto večino vozlǐsč

razvrsti v eno samo skupino [123, 131]. Podobno kot v preǰsnjem razdelku lahko sle-

dnje pripǐsemo naključnemu vrstnemu redu obdelave in posodabljanja oznak vozlǐsč,

problem pa je posledično nekoliko omiljen pri uravnoteženi izmenjavi oznak.

Zgornjemu se lahko izognemo z uporabo slabljenja oznak [123] (angl. label attenu-

ation). Pri tem kot preference vozlǐsč uvedemo vrednosti si ∈ [0, 1] (glej enačbi (2.9)

in (2.10)), ki predstavljajo razdaljo med vozlǐsčem vi ter izvorom oznake vozlǐsča gi.

Tako na začetku si = 1, ob vsaki spremembi gi pa vrednosti si posodobimo kot

si = max
vj∈Ni

(sj · δ(gj , gi))− ω, (2.7)

kjer je ω ∈ (0, 1) parameter. Opazimo, da se pri npr. ω = 0,5 oznake skupin očitno

lahko širijo največ dva koraka od svojega izvora (glej enačbi (2.9) in (2.10)), s čimer

preprečimo, da bi večina vozlǐsč v omrežju privzela enako oznako. Vendar se izkaže,

da izbira vrednosti ω v realnih omrežjih ni enostavna [99, 123].

Manǰse vrednosti ω v splošnem ne preprečijo omenjenega problema, na drugi

strani pa velike vrednosti lahko onemogočijo naravno izmenjavo oznak med vozlǐsči.

Avtorji slabljenja oznak so zato predlagali, da ω postopoma zmanǰsujemo od 0,5 do

nič [123], vendar pa, podobno kot prej, izbira koraka zmanǰsevanja ni enostavna [99].

Poudarimo, da je glavni namen slabljenja oznak preprečitev pojava velike skupine,

pri tem pa ne želimo vplivati na sam proces izmenjave oznak. Na podlagi slednjega

tako predlagamo različne strategije dinamičnega slabljenja [99] (angl. dynamic at-

tenuation) oznak, kjer ω povečamo zgolj kadar neka skupina naglo zaseda večji del

omrežja. Slednje lahko odkrijemo razmeroma enostavno z npr. analizo števila vo-

zlǐsč, ki so na zadnjem koraku iteracije privzela novo oznako [99, 126].

Dinamično slabljenje oznak učinkovito prepreči pojav velike skupine, dočim pa

lahko natančnost pristopa v realnih omrežjih navadno še izbolǰsamo. Na primer, v

omrežju na sliki 1.3(a) je izjemno uspešen pristop, kjer kot preference uporabimo
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(a) Stopnje vozlǐsč (b) Zadržana izmenjava (c) Nasilna izmenjava

Slika 2.3: Shematski prikaz različnih pristopov odkrivanja skupin vozlǐsč na osnovi

izmenjave oznak (glej tekst). Preference vozlǐsč so predstavljene z intenziteto barve,

dočim so povezave, ki sovpadajo s prikazano skupino, predstavljene s polno črto.

stopnje vozlǐsč [99, 123] (glej sliko 2.3(a)). Pri tem povečamo “moč” širjenja oznak

treh vozlǐsč z izjemno visoko stopnjo, ki vsa ležijo v jedrih (angl. core) dveh skupnosti

v omrežju, kar omogoči naravno rast skupin od znotraj navzven. Slednje seveda ni

mogoče v splošnem, saj v naprej ne poznamo dejanske zgradbe skupin. Kljub temu

pa lahko tekom izmenjave oznak le-te ocenimo s trenutnimi skupinami v omrežju.

Na podlagi zgornje hipoteze kot preference vozlǐsč uvedemo še vrednosti pi ∈
[0, 1] (glej enačbi (2.9) in (2.10)), ki naj bodo blizu ena za vozlǐsča v jedru neke sku-

pine, ter blizu nič za vozlǐsča na robovih (angl. border). Vrednosti pi lahko ocenimo

z uporabo naključnih sprehodov, omejenih na posamezne skupine vozlǐsč. Tako na

začetku pi = 1/n, ob vsaki spremembi gi pa vrednosti pi posodobimo kot

pi =
∑

vj∈Ni

pj · wijδ(gj , gi)∑
vk∈Nj

wjkδ(gk, gi)
. (2.8)

Omenimo, da je enačba (2.8) podobna meri PageRank [142], s katero je v svojem

iskalniku zaslovel “Google”, ter tudi eni od mer sredǐsčnosti [143]. Poudarimo še,

da je v splošnem rešitev enačbe (2.8) kar pi =
∑

vj∈Ni
wijδ(gj , gi) [2], vendar zaradi

naključnega posodabljanja vozlǐsč pri asinhroni izmenjavi oznak slednje ne velja.

V kolikor povečamo “moč” širjenja oznak vozlǐsč v jedrih skupin, ter poleg tega

uporabimo (dinamično) slabljenje, izmenjava oznak v enačbi (2.3) postane

gi = argmax
g

∑

vj∈Ni

pjsj · wijδ(gj , g), (2.9)

pristop pa imenujemo zadržana izmenjava [99] (angl. defensive propagation) oznak.

Podobno lahko povečamo “moč” širjenja oznak vozlǐsč na robovih skupin, pri čimer
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dobimo (v tem primeru imenovalec v enačbi (2.8) nadomestimo z wj)

gi = argmax
g

∑

vj∈Ni

(1− pj)sj · wijδ(gj , g), (2.10)

kar imenujemo napadalna izmenjava [99] (angl. offensive propagation) oznak. She-

matski prikaz različnih pristopov izmenjave oznak je podan na sliki 2.3.

Če je zadržana izmenjava oznak bolj uspešna v primeru gostih socialnih, infor-

macijskih ter bioloških omrežij z manj jasnimi skupinami vozlǐsč, pa je napadalna

izmenjava oznak bolj natančna v primeru redkeǰsih tehnoloških in nekaterih drugih

omrežij [126]. Sicer zadržana izmenjava oznak odkrije skupine vozlǐsč tudi, ko so

le-te zgolj šibko izražene v zgradbi omrežja, vendar natančnost pristopa pri tem

ni najbolǰsa [99]. Na drugi strani pa napadalna izmenjava oznak navadno razkrije

skupine v omrežju do vozlǐsča natančno, a zgolj v primeru, ko so razmeroma jasno

izražene [99]. Povedano drugače, zadržana izmenjava ima visok priklic (angl. recall),

napadalna izmenjava pa doseže visoko natančnost (angl. precision).

Očitno bi želeli prednosti obeh pristopov, kar dosežemo tako, da grobo začetno

razvrstitev v skupine pridobimo z zadržano izmenjavo, skupine pa nato še izpopol-

nimo z napadalno izmenjavo. Slednje imenujemo napredna izmenjava [99] (angl.

diffusion propagation) oznak, za uporabo v velikih realnih omrežjih pa predlagamo

tudi hierarhično preiskovanje [73, 99, 126] (glej poglavje 7). Opisan pristop je še

bolj učinkovit kot osnovna izmenjava oznak, pri čimer je bila asimptotična časovna

zahtevnost ocenjena na O(m1,19) [99]. Poleg tega je natančnost na sintetičnih in

realnih omrežjih (vsaj) primerljiva z najbolǰsimi pristopi v literaturi [99, 126].

Napredna izmenjava oznak predstavlja pomemben doprinos k odkrivanju ka-

rakterističnih skupin vozlǐsč, saj je osnovni pristop zaradi slabše natančnosti manj

primeren za uporabo v velikih realnih omrežjih. Predstavljena je v delu z naslovom

“Odkrivanje skupin vozlǐsč z napredno izmenjavo oznak” [99], ki je v pričujočo di-

sertacijo vloženo kot poglavje 4, razširjeno razpravo dela pa najdemo v poglavju 7.

Predstavljeno delo je v razširjeni obliki objavljeno v [73, 99, 126].

Posplošena izmenjava oznak med vozlǐsči

Osnovni pristop izmenjave oznak lahko razkrije zgolj skupnosti v omrežju, saj je ome-

jen na odkrivanje tesno povezanih skupin vozlǐsč [72]. Povezanost sicer smatramo

za eno od ključnih lastnosti skupnosti [54], na drugi strani pa so dobro izraženi mo-

duli vozlǐsč nepovezani. Poleg tega moduli predstavljajo med seboj odvisne skupine

vozlǐsč [72, 139], pri čimer so skupnosti po definiciji neodvisne. Moduli pa se od
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(a) (b)

Slika 2.4: (a) Primer omrežja z dvema skupnostma in dvema moduloma.

(b) Omrežje z enako množico vozlǐsč, ki so povezana v kolikor v prvotnem omrežju

obstaja skupno sosednje vozlǐsče. Povezave, ki sovpadajo z razvrstitvijo v skupine,

so predstavljene s polno črto, dočim intenziteta ustreza utežem na povezavah.

skupnosti značilno ločijo še v tem, da so verjetno v ozadju prisotni različni pro-

cesi, ki povzročijo pojav posameznih vrst skupin v realnih omrežjih [73, 144]. Tako

kljub temu, da skupnosti lahko obravnavamo kot poseben primer modulov [60, 75],

v pričujoči doktorski disertaciji dosledno ločimo med obema vrstama skupin vozlǐsč.

Posplošitev izmenjave oznak na odkrivanje modulov pa je sicer razmeroma eno-

stavna. Namesto, da oznake izmenjujemo med sosednjimi vozlǐsči, si oznake preko

skupnih sosedov izmenjujejo vozlǐsča na razdalji (največ) dva. Tako odkrivanje mo-

dulov dejansko prevedemo na odkrivanje skupnosti, saj je slednje ekvivalentno izme-

njavi oznak v omrežju z enako množico vozlǐsč, ki so povezana, v kolikor obstaja vsaj

eno skupno vozlǐsče v prvotnem omrežju (pri tem upoštevamo tudi uteži na pove-

zavah). V kolikor so vozlǐsča v modulih res podobno povezana z ostalim omrežjem,

jih bomo z opisanim pristopom zanesljivo odkrili (glej sliko 2.4).

Predpostavimo, da za vsako skupino vozlǐsč g poznamo parameter νg ∈ [0, 1], ki

naj bo blizu ena v primeru skupnosti, ter blizu nič v primeru modulov. Tedaj lahko

izmenjavo oznak v enačbi (2.3) razširimo na odkrivanje splošnih skupin vozlǐsč kot

gi = argmax
g


νg ·

∑

vj∈Ni

wijδ(gj , g) + (1− νg) ·
∑

vj∈Ni

wij/wj
∑

vk∈Nj

wjkδ(gk, g)


 ,

(2.11)

pristop pa imenujemo posplošena izmenjava [72] (angl. general propagation) oznak.

Pri νg = 1 dobimo levo stran enačbe (2.11), ki ustreza osnovni izmenjavi oznak za

odkrivanje skupnosti, pri νg = 0 pa dobimo desno stran, ki je namenjena odkrivanju

modulov. (Utež wj v imenovalcu poskrbi, da sta obe strani sorazmerni z wi.) Pri
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νg = 0,5 predlagan pristop razkrije tako skupnosti kot module v omrežjih, za to pa

ne zahteva nikakršnega predhodnega znanja (npr. število ali vrsto skupin).

Zaradi obravnave vozlǐsč na razdalji dva od proučevanega, je časovna zahtevnost

posameznega koraka posplošene izmenjave oznak enaka O(m ·d), kjer je d povprečna

stopnja vozlǐsč v omrežju. Podobno kot prej je število korakov iteracije navadno raz-

meroma majhno [72, 139]. Tako lahko na podlagi zgornje analogije med skupnostmi

in moduli ocenimo, da je pristop omogoča analizo omrežij z več milijoni vozlǐsč ter

povezav, kar je sicer možno le z redkimi pristopi v literaturi [73].

Kljub temu, da je uspešnost posplošene izmenjave oznak pri νg = 0,5 že pri-

merljiva z drugimi pristopi [73], je natančnost moč še občutno izbolǰsati z uporabo

primernih vrednosti parametrov νg . Le-te lahko podobno kot zgoraj tekom izme-

njave oznak ocenimo na podlagi analize lastnosti skupin [72, 139]. Še posebej pa so

uspešni pristopi, pri katerih na podlagi analize lastnosti vozlǐsč omrežja presodimo,

kje v omrežju je moč pričakovati določeno vrsto skupin [73, 139]. Tako se izkaže, da

npr. module v realnih omrežjih pogosto najdemo v delih z nizko nakopičenostjo [145],

prav nasprotno pa velja za skupnosti [73, 144]. Podobno so stopnje povezanih vozlǐsč

v primeru skupnosti (modulov) navadno v močni (nasprotni) korelaciji [73, 146].

V kolikor pri odkrivanju skupin s posplošeno izmenjavo oznak uporabimo tudi

izbolǰsave predstavljene v preǰsnih razdelkih [99, 138], je uspešnost na sintetičnih in

realnih omrežjih (vsaj) primerljiva z najbolǰsimi pristopi v literaturi [73, 139]. Pri

tem pa poudarimo, da praktično vsi drugi znani pristopi zahtevajo število skupin

vnaprej, kar v velikih realnih omrežjih danes ni moč natančno določiti [83].

Posplošena izmenjava oznak predstavlja pomemben doprinos k odkrivanju karak-

terističnih skupin vozlǐsč, saj je osnovni pristop zaradi omejitve na skupnosti manj

primeren za uporabo v splošnih realnih omrežjih. Predstavljena je v delu z naslovom

“Odkrivanje skupin vozlǐsč s posplošeno izmenjavo oznak” [72], ki je v disertacijo

vloženo kot poglavje 5, razširjeno razpravo dela pa najdemo v poglavju 7.

Predstavljeno delo je v razširjeni obliki objavljeno v [72, 73, 139].

Skupine vozlǐsč v programskih omrežjih

Doktorska disertacija se poleg razvoja pristopov za odkrivanje karakterističnih sku-

pin vozlǐsč osredotoča tudi na proučevanjem le-teh v programskih omrežjih. V

pričujočem razdelku tako kratko predstavimo vsebino, teoretično ozadje, zasledo-

vane hipoteze ter znanstveni doprinos dela z naslovom “Analiza in uporaba skupin v

programskih omrežjih” [117]. Le-to je v disertacijo vloženo kot poglavje 6, razširjeno
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class C extends S implements I {

F field;

public C(P parameter) {

...

}

public R function(P parameter) {

...

return R;

}

}

(a)

C

S I

P

R

F

(b)

Slika 2.5: (a) Primer razreda v programskem jeziku “Java”. (b) Pripadajoč del

omrežja programskih odvisnosti, kjer oznake vozlǐsč ponazarjajo imena razredov.

Povezave, ki ustrezajo odvisnostim razreda “C”, so predstavljene s polno črto.

razpravo pa najdemo v poglavju 7. Poudarimo, da se omenjeno delo sicer ukvarja

zgolj s proučevanjem skupnosti v programskih omrežjih, pri čimer pa je analiza in

razprava o modulih objavljena v [72, 73, 120, 139] (glej npr. poglavje 5).

Splošne lastnosti programskih omrežij so bile v literaturi že dodobra raziskane,

na drugi strani pa je le malo znanega o različnih skupinah vozlǐsč [72, 117, 118, 147].

Modularna zgradba, ki nakazuje na skupnosti v omrežju, je bila sicer proučevana s

stalǐsča različnih dinamičnih procesov ter praktične uporabe programja [108, 118], o

slednjem pa so razpravljali še nekateri drugi avtorji [100, 103]. Pri tem omenimo tudi,

da na obstoj skupnosti v programskih omrežjih nakazujejo številne teorije [110, 121].

Na primer, šibka-sklopljenost in močna-kohezija [148] (angl. minimum-coupling, max-

imum-cohesion) različnih konstruktov objektno-usmerjenega programja bi se očitno

morala jasno odražati v modularni zgradbi omrežij [121, 149].

V objavljenem delu privzamemo omrežja odvisnosti med razredi [103, 117] raz-

ličnih javanskih knjižnic ter tudi samega programskega jezika “Java”. Pri tem so

odvisnosti (angl. dependence) različnih vrst (glej sliko 2.5), v splošnem pa usmerjena

povezava med vozlǐsčema, ki predstavljata razreda Ci, Cj , pomeni, da je pri imple-

mentaciji Ci potreben Cj (t.j. Ci je odvisen od Cj). Delo sicer temelji na hipotezi,

da upoštevajoč zgornje teorije skupnosti vozlǐsč v omrežjih odvisnosti med razredi

neke knjižnice verjetno sovpadajo s pripadajočimi programskimi paketi [117, 121].

Analiza pokaže, da programska omrežja res vsebujejo skupnosti z visoko mo-

dularnostjo Q [69], ki so razmeroma jasno definirane v strukturi omrežja [117].

Pričakovano to ne velja za programski jezik sam, saj je zaradi splošne namembnosti

razredov pripadajoče omrežje veliko gosteǰse kot primerljiva druga omrežja. Sicer
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pa se izkaže, da v ostalih analiziranih omrežij odkrite skupnosti deloma ustrezajo

programskim paketom, vendar ujemanje ni tako izrazito, kot bi pričakovali [72, 117].

Številni paketi so namreč nepovezane skupine vozlǐsč v omrežjih, ki imajo po-

sledično izjemno nizko modularnost Q [73, 117]. Čeprav bi slednje lahko pripisali

neustrezni predstavitvi programja ali dejstvu, da so nekatere od proučevanih knjižnic

še v razvoju, pa velja, da je tudi porazdelitev velikosti skupin v primeru program-

skih paketov značilno različna od skupnosti v omrežjih [117]. Poudarimo, da je

velikost skupin neodvisna od same predstavitve programja (t.j. povezav), zatorej

zgolj s skupnostmi očitno ni moč dokončno pojasniti zgradbe programskih omrežij.

Ta pa gotovo vsebujejo tudi module vozlǐsč [72, 73]. V programskih knjižnicah

namreč pogosto najdemo razrede z enako funkcionalnostjo, ki predstavljajo zgolj

različne rešitve nekega problema. Omenjeni razredi pri implementaciji navadno upo-

rabljajo enak nabor drugih razredov, kar se odraža kot podobno povezane skupine

vozlǐsč v omrežjih (t.j. moduli). Tako ni presenetljivo, da hierarhije splošnih skupin

vozlǐsč veliko bolje povzamejo zgradbo programskih omrežij [72, 139] ter hierarhijo

paketov pripadajočih programskih knjižnic [73, 120], kot pa le skupnosti (glej poglav-

je 7). Natančneje, zgornji nivoji hierarhije praviloma ustrezajo (večjim) skupnostim,

dočim module navadno najdemo na najnižjem nivoju [73] (glej sliko 2.6).

V praksi lahko karakteristične skupine vozlǐsč v prvi vrsti uporabimo za povze-

manje programja, saj le-te poleg zgradbe paketov pojasnjujejo tudi odvisnosti med

različnimi funkcionalnimi komponentami kompleksnega programja [103, 117]. Na

drugi strani pa lahko pristope za odkrivanje skupin vozlǐsč uporabimo za reorgani-

zacijo programskih paketov v bolj učinkovito obliko [117, 120], pri čimer upoštevamo

tudi odvisnosti, ki so jih razvijalci morda spregledali. Pakete tako preoblikujemo v

bolj modularno (npr. vizualizacija) ali funkcionalno (npr. znanstveno računanje)

obliko, kar ustreza skupnostim oziroma modulom v programskim omrežjih.

Poleg omenjenega lahko hierarhije skupine vozlǐsč uporabimo tudi za napove-

dovanje odvisnosti razredov nekega programskega paketa oziroma določanje najpri-

merneǰsega paketa za še neuvrščene razrede [120]. Kot primer povejmo, da lahko za

večino razredov v proučevanih programskih knjižnicah napovemo celotno hierarhijo

paketov v približno 80% primerih. (Za druge primere uporabe glej [120].)

Zgornja analiza predstavlja pomemben doprinos k razumevanju karakterističnih

skupin vozlǐsč v kompleksnih programskih omrežjih, hkrati pa omenjeni primeri upo-

rabe odpirajo številne možnosti za praktične aplikacije programskega inženiringa.

Predstavljeno delo je v razširjeni obliki objavljeno v [72, 73, 117, 120, 139].
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Slika 2.6: Del hierarhije skupin vozlǐsč v omrežju odvisnosti programske knjižnice

“JUNG” [27] (glej sliko 1.6(a)). Barva vozlǐsč ponazarja visokonivojske pakete

knjižnice, dočim oznake ustrezajo imenom razredov. Intenziteta notranjih vozlǐsč

hierarhije je sorazmerna z gostoto pripadajočega dela omrežja (za več glej [120]).
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3
Odkrivanje skupin vozlǐsč z

uravnoteženo izmenjavo oznak

V pričujočem poglavju je vloženo delo z naslovom “Odkrivanje skupin vozlǐsč z

uravnoteženo izmenjavo oznak” [138] (angl. “Robust network community detection

using balanced propagation”). Delo predstavi različne metode in tehnike odkrivanja

karakterističnih skupin vozlǐsč v omrežjih na osnovi izmenjave oznak, ki temeljijo na

povezavi med vrstnim redom izmenjave in širjenjem oznak po omrežju. Le-te močno

izbolǰsajo robustnost osnovnega pristopa ter pri tem ohranijo njegovo algoritmično

enostavnost. Predlagane izbolǰsave pristopa so preizkušene na številnih sintetičnih

in realnih omrežjih z znano zgradbo ter primerjane z drugimi pristopi v literaturi.

Predstavljeno delo je v razširjeni obliki objavljeno v [138, 139].2

2Privzeta programska koda ter omrežja so dostopna na http://lovro.lpt.fri.uni-lj.si/.
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Abstract. Label propagation has proven to be an extremely fast method for detecting communities in large
complex networks. Furthermore, due to its simplicity, it is also currently one of the most commonly adopted
algorithms in the literature. Despite various subsequent advances, an important issue of the algorithm has
not yet been properly addressed. Random (node) update orders within the algorithm severely hamper
its robustness, and consequently also the stability of the identified community structure. We note that an
update order can be seen as increasing propagation preferences from certain nodes, and propose a balanced
propagation that counteracts for the introduced randomness by utilizing node balancers. We have evaluated
the proposed approach on synthetic networks with planted partition, and on several real-world networks
with community structure. The results confirm that balanced propagation is significantly more robust
than label propagation, when the performance of community detection is even improved. Thus, balanced
propagation retains high scalability and algorithmic simplicity of label propagation, but improves on its
stability and performance.

1 Introduction

Complex real-world networks can comprise local struc-
tural modules (i.e., communities [1]) that are groups of
nodes densely connected within and only loosely con-
nected with the rest of the network. Communities may
play important roles in different real-world systems – they
can be related to functional modules in biochemical net-
works [2] or individuals with common interests in social
networks [1]. Moreover, community structure also has a
strong impact on dynamic processes taking place on such
networks [3] and can thus provide an important insight
into not only structural organization but also functional
behavior of various real-world systems.

As a consequence, analysis of network community
structure has been the focus of recent endeavor in dif-
ferent fields of science. There has also been a substantial
number of community detection algorithms proposed in
the literature over the last years [2,4–13] (for a compre-
hensive survey see [14]). Nevertheless, due to scalability
issues, only a small minority of these algorithms can be
applied to large real-world networks with several millions,
billions of nodes, edges respectively.

A notable step towards this end was made
by Raghavan et al. [7], who employed a simple label prop-
agation to reveal significant communities in large real-
world networks. Communities are identified by propagat-
ing (community) labels among nodes, thus, each node is
assigned the label shared by most of its neighbors. Due to

a e-mail: lovro.subelj@fri.uni-lj.si

very fast structural inference of label propagation, densely
connected sets of nodes form a consensus on some partic-
ular label after only a few iterations [7,13]. The algorithm
thus exhibits near linear complexity, which makes it ap-
plicable on networks with millions of nodes in a matter
of minutes [13]. The basic algorithm was further analyzed
and refined by various authors [13,15–26], when, due to its
simplicity, label propagation is also currently one of the
most commonly adopted algorithms in the literature.

Despite the above efforts, an important issue of la-
bel propagation has not yet been properly addressed. To
overcome convergence problems in some types of net-
works, Raghavan et al. [7] have proposed propagating
labels among nodes (i.e., updating nodes’ labels) in a
random order. Although this updating strategy solves
the aforementioned problem, introduction of randomness
severely hampers the robustness of the algorithm, and con-
sequently also the stability of the identified community
structure. It has been noted that the algorithm reveals
a large number of distinct community structures even in
smaller networks [7,13,16,19], when these structures are
also relatively different among themselves [13,16]. Still,
the robustness of the algorithm can also be related to the
significance of community structure in a network [13].

We argue that updating the nodes in some particu-
lar order can be seen as placing higher propagation pref-
erence [18] to the nodes that are updated at the begin-
ning, and lower propagation preference to the nodes that
are updated towards the end (and updating the nodes in
a random order). The order of node updates thus gov-
erns the dynamics of the algorithm in a similar manner as
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(corresponding) node propagation preferences. This ob-
servation allows us to stabilize the label propagation al-
gorithm by utilizing node preferences to counteract (i.e.,
balance) the randomness introduced by random node up-
dates. The resulting algorithm is denoted balanced prop-
agation and differs from label propagation merely in the
introduction of node balancers.

We have evaluated the proposed algorithm on syn-
thetic benchmark networks with planted partition, and
on various real-world networks with community structure.
The results confirm that balanced propagation is signifi-
cantly more robust than simple label propagation, when
the performance of community detection is even improved
(in most cases). We also apply the algorithm to an en-
tire European road network, which is not considered to
reveal clear community structure. Nevertheless, the algo-
rithm accurately identifies communities that correspond
to different (geographical) regions of Europe, without any
serious issues with stability.

The rest of the article is organized as follows. In Sec-
tion 2 we formally present label propagation, and review
issues and advances relevant for this research. Section 3
introduces balanced propagation and discusses the main
rationale behind it. Empirical evaluation with discussion
is given in Section 4 and conclusion in Section 5.

2 Label propagation

Let the network be represented by a simple undirected
graph G(N, E), where N is the set of nodes and E is the
set of edges1. Furthermore, let wnm be the weight of the
edge incident to nodes n, m ∈ N . Moreover, let cn denote
the community (label) of node n ∈ N and let N (n) denote
the set of its neighbors.

Basic label propagation algorithm (LPA) [7] reveals
network communities by exploiting the following simple
procedure. At first, each node n ∈ N is labeled with an
unique label, cn = ln. Then, at each iteration, each node
adopts the label shared by most of its neighbors (consid-
ering also edge weights). Hence,

cn = argmax
l

∑

m∈N l(n)

wnm, (1)

where N l(n) is the set of neighbors of n ∈ N that share
label l (ties are broken uniformly at random). Due to the
existence of many intra-community edges, relative to the
number of inter-community edges, densely connected sets
of nodes form a consensus on some particular label after a
few iterations. Thus, when the algorithm converges (i.e.,
equilibrium is reached), disconnected sets of nodes sharing
the same label are classified into the same community. Due
to extremely fast structural inference of label propagation,
the algorithm exhibits near linear time complexity [7,13]
(in the number of edges of the network) and can easily

1 In directed networks, each edge is treated as undirected,
and in multi-networks, multiple edges among nodes are en-
coded into edge weights.

scale to networks with millions, or even billions, of nodes
and edges [13,25].

Leung et al. [18] have first noticed that label propa-
gation can be substantially improved by increasing propa-
gation preference (i.e., propagation strength) from certain
nodes. The updating rule of the algorithm (i.e., Eq. (1))
is thus rewritten into

cn = argmax
l

∑

m∈N l(n)

pmwnm, (2)

where pn is the preference of node n ∈ N . Adequate node
preferences can alter the dynamics of label propagation,
in order to guide the algorithm towards a more signifi-
cant community structure [13]. For the analysis and com-
parison of different node preference strategies, and corre-
sponding algorithms, see [13,18,25].

Next, we also discuss two main issues of label propaga-
tion and its advances. First, consider a bipartite network
with two sets of nodes, denoted red and green nodes. Fur-
ther assume that, at some point of the algorithm, all red
nodes share label lr, and all green nodes share label lg. Due
to bipartite structure, at the next iteration, all red nodes
will adopt label lg, and all green nodes will adopt label
lr. Moreover, at next iteration, all nodes will recover their
initial labels, failing the algorithm to converge. It should
be noted that such oscillations of labels are not limited
to bipartite networks, but occur in various real-world net-
works that are commonly analyzed in the literature.

To ensure convergence, Raghavan et al. [7] have pro-
posed asynchronous updating of nodes. Hence, nodes are
no longer updated all together, but sequentially, in some
random order. Thus, when node’s label is updated, pos-
sibly already updated labels of its neighbors are consid-
ered (in contrast to synchronous updating, where only la-
bels from the previous iteration are considered). Although
asynchronous updating eliminates aforementioned oscilla-
tions of labels, introduction of randomness severely dis-
turbs the robustness of the algorithm, and consequently
also the stability of the identified community structure.
The stability of label propagation presents a severe issue
for the algorithm, however, it has not yet been properly
addressed in the past (to the best of our knowledge).

Second, consider a network with overlapping commu-
nities [2] and let n ∈ N be a node that has equally strong
connections with two or more such communities. As ties
are broken uniformly at random (see Eq. (1)), label cn

would then, in general, constantly change. Furthermore,
when many of such nodes exist, the algorithm would ob-
viously never converge. Again, the issue is not limited to
networks with overlapping communities.

Two possible solutions have been proposed in the lit-
erature. Leung et al. [18] suggested including label cn into
the maximal label consideration (besides merely neigh-
bors’ labels), when Raghavan et al. [7] proposed a slightly
modified approach. When there are multiple maximal la-
bels (among neighbors’ labels), and one of them equals the
concerned label cn, the node retains its label. In contrast
to the former, the latter approach considers concerned la-
bel only when there indeed exist multiple maximal labels.
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Although both presented approaches work well for simple
label propagation (i.e., Eq. (1)), this is not necessarily the
case for different advances of the algorithm (e.g., Eq. (2)).
Still, for the analysis in this article we adopt the approach
proposed by Raghavan et al. [7].

In the proceeding section we revisit both issues dis-
cussed above, and propose solutions to overcome them.

3 Balanced propagation

Label propagation with asynchronous updating accesses
the nodes in a random order. In particular, nodes are
(re)shuffled before each iteration, in order to address con-
vergence issues in some networks. However, as already
discussed in Section 2, this incorporation of randomness
severely hampers the robustness of the algorithm.

The issue can be addressed in an ad hoc fashion by
simply accessing the nodes in some predefined (determin-
istic) order. This would clearly stabilize the algorithm,
and possibly also perform well on real-world networks. We
have conducted several experiments with different update
orders, based on various node statistics (i.e., degree and
eigenvector centrality [27,28], clustering coefficient [29]).
Exact results are omitted, however, they indicate that, al-
though none of these deterministic orders performs well
in all networks, best order commonly corresponds to node
preference strategy that also performs well. For instance,
when ordering the nodes based on their degrees (decreas-
ingly) gives good results, setting propagation preferences
to the degrees of the nodes (and updating them in a ran-
dom order) also performs well (and vice-versa).

Based on the above discussion we pose a hypothesis
that the order of node updates within asynchronous la-
bel propagation governs algorithm’s dynamics in a simi-
lar manner as the corresponding node propagation pref-
erences. Intuitively, nodes that are updated at the end
of some iteration cannot efficiently propagate their final
labels onward, as (most of) their neighbors have already
been updated. On the other hand, a node that is consid-
ered first can possibly propagate its label to all of its neigh-
bors, and thus form a community. Hence, nodes updated
at the beginning exhibit higher propagation strength than
those that are considered towards the end.

We further study the proposed hypothesis on a toy ex-
ample network in Figure 1. The network consists of two
communities, namely c1 and c2, that are defined in a strong
sense [30] (i.e., each node has more intra-community than
inter-community edges). Further assume that, at some
point of the algorithm, nodes in c1, namely n1, n2 and
n3, are labeled with unique (community) labels, when all
nodes in c2 have already been classified to their right com-
munity (see Fig. 1).

We first analyze how different orders of node updates
affect the final outcome of the algorithm. When node n1

is considered first, it will adopt the label of either n2 or
n3. Due to symmetry, we can assume that it adopts the
label of node n2. No matter which of the nodes n2 or n3

is updated next, at the end of this iteration, all nodes in

Fig. 1. (Color online) Toy example network with two strong
communities (inter-community edges are shown with dashed
links). Node colors (shapes) indicate their community labels.

community c1 will be labeled with the same label (that ini-
tially belongs to node n2). The outcome thus corresponds
to the natural community structure of the network.

On the other hand, when node n1 is updated last, the
results can differ. Again, we can assume that node n2 is
considered before node n3. If node n2 adopts the label of
either n1 or n3, the algorithm proceeds similar as above.
However, node n2 can also adopt the label of the second
community c2 (with some probability). In that case, it is
straightforward to see that nodes n1 and n3 will also adopt
the same label, thus, at the end, all nodes in the network
will be classified to the same community c2.

To summarize, if we first consider the core of commu-
nity c1 (i.e., node n1), the label propagation will inevitably
lead to the natural community structure of the network.
However, if we access the border of community c1 first (i.e.,
nodes n2 and n3), the algorithm could potentially classify
all nodes into the same community (mainly due to the fact
that community c2 is already established). The example
shows that even in such simple network, label propagation
is extremely sensitive to the order of node updates.

Similar behavior as above can be observed, when we
set higher propagation preference to either core or border
of community c1 (and update the nodes in a random or-
der). When core node n1 has the highest preference in the
network, nodes n2 and n3 would obviously adopt the label
of node n1. This would unavoidably lead to identification
of the natural community structure, no matter the order
of updates. However, when higher preference is given to
border nodes n2 and n3 (i.e., lowest preference is given
to node n1), outcome of the algorithm can again corre-
spond to the trivial community structure, where all nodes
are classified into the same community (depends on the
preference of other nodes and the order of updates). We
thus conclude that, at least for this toy example, order of
node updates can be seen as placing higher propagation
preference to the nodes that are updated first, and lower
propagation preference to the nodes that are updated last.

The latter enables us to stabilize the basic label prop-
agation algorithm. As random node updates cannot be
avoided (Sect. 2), node propagation preferences can be uti-
lized to counteract the randomness introduced by random
updates. Node preferences are thus employed to balance
the algorithm (i.e., node balancers) and are set according
to the reverse order in which the nodes are assessed. This
retains the dynamics of the basic algorithm, but greatly
improves its robustness and the stability of the identified
community structure.
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Let nodes N be ordered in some random way, and let
in denote the normalized position of node n ∈ N in this
order. Hence,

in =
index of node n

|N | , (3)

where in ∈ (0, 1]. Assuming linearity, we introduce node
balancers as

pn = in, (4)

where pn is the preference of node n ∈ N (see Eq. (2)).
Note that node balancers have to be recomputed at the
beginning of each iteration (i.e., after each random shuf-
fling of nodes). The resulting algorithm is else identical to
the basic label propagation (with node preferences) and is
denoted balanced propagation algorithm (BPA). Empirical
evaluation in Section 4 shows that balanced propagation
is not only more stable than basic label propagation, but
also improves its community detection. Note also that the
revealed community structure could be even further stabi-
lized by, e.g., combining multiple network partitions [31].

We also analyze a variant of the algorithm, where lo-
gistic function is used to model the relation between up-
date orders and propagation preferences (the algorithm is
denoted BPAL). Hence, node balancers are set due to

pn =
1

1 + e−β(in−α)
, (5)

where α and β are parameters of the algorithm. We fix
α = 1

2 and β = 5 based on some preliminary experiments.
Empirical analysis reveals that BPAL usually performs
slightly better than BPA (Sect. 4).

Last, we also briefly consider the second main issue of
label propagation. As already discussed in Section 2, nodes
having equally strong connections with several (overlap-
ping) communities might prevent the algorithm from con-
verging. The problem is even enhanced in the case of
balanced propagation, as random node preferences, intro-
duced through random update orders, can extend the issue
to cases, where node has only similarly strong connections
with different communities. Consequently, solutions pro-
posed in the literature [7,18] do not necessarily overcome
the problem in the case of balanced propagation.

Still, the true reason behind these convergence prob-
lems is the existence of overlapping communities in real-
world networks. However, the purpose of this research is
to address issues with random update orders, and not to
extend balanced propagation to overlapping communities
(see, e.g., [23]). Thus, for the sake of the empirical analy-
sis, we adopt the following simple approach (and limit the
analysis to non-overlapping communities).

As the discussed problems of balanced propagation
(i.e., BPA and BPAL algorithms) are actually an arti-
fact of node balancers, we simply discard their use, when
the algorithm does not converge after at most some max-
imal number of iterations. Note that this is in fact iden-
tical to applying the basic label propagation (i.e., LPA

algorithm) afterwards, which obviously ensures the algo-
rithm’s convergence. We fix the maximum number of iter-
ations to 100, what should suffice for networks with almost
a billion edges [13].

4 Experiments and discussion

First, balanced propagation was analyzed, and compared
against label propagation, on synthetic benchmark net-
works with planted partition and on several real-world
networks with community structure (Sects. 4.1, 4.2 respec-
tively). We address the stability of the algorithms and also
the accuracy of community detection. Next, the proposed
algorithm was further applied to a complete European
road network, when the results are analyzed and discussed
in Section 4.3.

Due to generality, results in the following sections
are assessed in terms of different measures of community
structure significance. Earlier work commonly reported
the modularity Q [32] of the identified community struc-
ture. Modularity measures the significance of communities
due to some null model (which is considered to be without
community structure). Commonly, a random graph with
the same degree sequence is selected for the null model.
Hence,

Q =
1

2|E|
∑

n,m∈N

(
Anm − knkm

2|E|

)
δ(cn, cm), (6)

where A is the adjacency matrix of the network, kn is
degree of node n ∈ N and δ is the Kronecker delta.
Higher values represent more significant community struc-
ture (Q ∈ [−1, 1]), however, recent work shows that mod-
ularity has a number of severe deficiencies [33–35] and
should not be considered as a reliable indicator of com-
munity structure.

For a more adequate assessment of the significance
of revealed communities we also adopt the conduc-
tance Φ [36]. Let S ⊂ N be some community in the net-
work thus |S| ≤ |N |/2. Conductance of a set of nodes S
is then defined as

Φ =

∑
n∈S,m∈S Anm

min{k(S), k(S)} , (7)

where S is the complement of S and k(S) is the cumulative
degree of S (i.e., k(S) =

∑
n∈S kn). Conductance thus

measures the goodness of community S, or equivalently,
the quality of corresponding network cut (S, S). Lower
values represent more significant communities (Φ ∈ [0, 1]).
Nevertheless, conductance cannot be easily extended to
an entire community structure of a network. Thus, results
are commonly assessed at different scales separately, in
the form of network community profile (NCP) [37] plots.
Still, due to simplicity, we also define Φ as the average
conductance over all communities in a network.

For networks with known community structure, identi-
fied communities are also compared against the true ones.
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Fig. 2. (Color online) Comparison of balanced and label propagation on synthetic benchmark networks with planted parti-
tion [42]. The number of nodes is fixed to 1000 and the sizes of communities vary between [10, 50] and [20, 100] nodes (left,
right respectively). We report the averages over 100 realizations and also the scatter plots showing individual runs (top, bottom
respectively). For the former, error bars correspond to sample standard deviations computed from only nontrivial partitions
(i.e., with NMI > 0), and for the latter, a small amount of noise was added along the horizontal axes.

We adopt two measures from the field of information the-
ory [38]. First, normalized mutual information (NMI ) [39],
has become a de facto standard in the community detec-
tion literature. Let C be a partition (i.e., communities)
extracted by some algorithm, and let P be the known par-
tition for some network (corresponding random variables
are C and P respectively). NMI of C and P is then

NMI =
2I(C, P )

H(C) + H(P )
, (8)

where I(C, P ) is the mutual information of the partitions
(i.e., I(C, P ) = H(C) − H(C|P )), and H(C), H(P ) and
H(C|P ) are standard and conditional entropies. NMI of
identical partitions equals 1, and is 0 for independent par-
titions (NMI ∈ [0, 1]).

Second, variation of information (VOI ) [40], has sev-
eral desirable properties with respect to NMI. In particu-
lar, it is symmetric local measure that also has the prop-
erties of a distance in the space of partitions. VOI of C
and P is defined as

VOI = H(C|P ) + H(P |C), (9)

thus, lower values represent better correlation between
partitions. The maximum value of VOI depends on the
size of the network (VOI ∈ [0, log |N |]), therefore, for
meaningful comparisons, we divide the obtained values
with log |N | [41].

4.1 Synthetic networks with planted partition

We have first analyzed the balanced propagation on a
class of synthetic benchmark networks with planted parti-
tion [42]. The significance of community structure is con-
trolled by a mixing parameter µ ∈ [0, 1], where smaller
values give clearer community structure. Networks exhibit
power-law degree and community size distributions, as
commonly observed in real-world networks [43,44]. Power-
law exponents α are set to 2 and 1 respectively (i.e.,
P (x) ∼ x−α). Moreover, we fix the number of nodes to
1000 and vary the sizes of communities between [10, 50]
and [20, 100] nodes. Results are assessed in terms of NMI
and are shown in Figure 2.

Considering only the average performance (Fig. 2,
top), no clear difference between balanced propagation
(i.e., BPA and BPAL algorithms) and label propaga-
tion (i.e., LPA algorithm) is observed. However, scatter
plots showing individual runs (Fig. 2, bottom) reveal that
there is actually a significant disparity between the ap-
proaches. When community structure is only roughly de-
fined (i.e., for µ > 0.5), balanced propagation either rel-
atively accurately identifies communities in the network
(i.e., NMI ≈ 1) or classifies all nodes into a single commu-
nity (i.e., NMI = 0). On the other hand, label propagation
also commonly reports community structures, whose cor-
respondence to the actual communities is only marginal
(i.e., NMI ≈ 0.75, NMI ≈ 0.5 respectively). The latter
is particularly apparent in the case of larger communities
(note also the difference in error bars).
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Table 1. Real-world networks with community structure.

Network Description Nodes Edges
Karate Zachary’s karate club [47] 34 78
Dolphins Lusseau’s dolphins [48] 62 159
Books Political books [49] 105 441
Football American football [1] 115 616
Jazz Jazz musicians [50] 198 2742
Elegans Nematode C. elegans [51] 453 2025
Netsci Network scientists [52] 1589 2742
Power U.S. power grid [29] 4941 6594

The results thus confirm that balanced propagation
is much more robust than simple label propagation, when
the community detection strength of the basic algorithm is
largely retained in the refined versions (on average). Still,
to obtain results comparable with current state-of-the-art
community detection algorithms (see [45]), different ad-
vances of the basic approach have to be employed [13,25].

To further address the validity of balanced propaga-
tion, we have also applied the algorithms to a random
graph à la Erdös-Rényi [46] that (presumably) has no com-
munity structure. The number of nodes is again fixed to
1000, when we vary the average degree k between 10 and
100. Both balanced propagation algorithms reveal no com-
munity structure in these networks – all nodes are classi-
fied into a single community (or multiple communities in
the case of disconnected networks) in all 100 realizations
of random networks. On the other hand, label propagation
also partitions the networks into non-trivial communities,
when the average degree is small enough (i.e., for k ≤ 10).

4.2 Real-world networks with community structure

Balanced propagation was further analyzed on eight real-
world networks with community structure (Tab. 1). All
these network are commonly employed in the community
detection literature, and include different social, biological
and technological networks. Due to simplicity, all networks
were treated as unweighed and undirected.

We first directly compare the stability of the revealed
community structures for balanced and label propagation
(i.e., BPA and BPAL, and LPA algorithms respectively).
We apply the algorithms to each network 1000 times and
count the number of distinct community structures ob-
tained. We also measure the pairwise VOI of the parti-
tions, to further evaluate the robustness of the algorithms.
Due to space complexity, analysis is reduced to smaller
networks (with at most hundreds of nodes). Results can
be seen in Table 2.

The analysis confirms earlier observations that basic
label propagation is relatively unstable, even on smaller
networks [7,13,16,19]. However, the latter does not hold
for balanced propagation that reveals only a small num-
ber of distinct community structures in each network. In
most cases, this number is for a scale smaller than in the
case of label propagation. Moreover, the pairwise similar-
ity between the structures is also significantly improved,
when the same trend is observed if we measure similarity

Table 2. Analysis of the stability of balanced and label propa-
gation. We report the number of distinct community structures
obtained over 1000 runs and the average pairwise VOI of the
corresponding partitions.

Network
Distinct Pairwise V OI

LPA BPA BPAL LPA BPA BPAL

Karate 184 24 19 0.276 0.199 0.192
Dolphins 525 39 36 0.256 0.084 0.079
Books 269 37 29 0.124 0.100 0.100
Football 414 180 154 0.095 0.093 0.087
Jazz 63 22 20 0.107 0.032 0.029
Elegans 707 76 75 0.124 0.015 0.015

Table 3. Analysis of community detection strength of bal-
anced and label propagation, and modularity optimization. We
report VOI between the natural communities and those iden-
tified by the algorithms (results are averages over 1000 runs).

Network Number
V OI

LPA BPA BPAL MO
Karate 2 0.239 0.145 0.142 0.218
Dolphins 2 0.363 0.063 0.062 0.257
Football 12 0.155 0.169 0.168 0.323

only among distinct structures (e.g., for elegans network,
average pairwise VOI equals 0.1558, 0.0430 and 0.0424 for
LPA, BPA and BPAL algorithms respectively).

We conclude that balanced propagation is significantly
more robust than label propagation, and can be, despite
its randomized nature, considered as fairly stable. Note
also that balanced propagation with logistic model (i.e.,
BPAL algorithm) performs slightly better than the basic
algorithm with a linear model (i.e., BPA algorithm).

Three of the networks in Table 1, namely karate, dol-
phins and football, have known natural partitions into
communities (that result from earlier studies). To analyze
also the community detection strength of balanced prop-
agation, we measure the VOI between the natural par-
titions and those identified by different algorithms. The
results appear in Table 3, when we also report the results
for a classical modularity optimization algorithm (MO)
proposed by Clauset et al. [4] (for reference).

Note that, in the case of karate and dolphins networks,
balanced propagation performs significantly better than
label propagation (and modularity optimization), when in
the case of football network, the obtained VOI is roughly
the same. Thus, despite relatively similar performance on
synthetic benchmark networks (Sect. 4.1), balanced prop-
agation more accurately identifies the true communities
within these real-world networks than label propagation
(and also modularity optimization).

For a better comprehension, the fraction of correctly
classified [1] nodes for BPAL algorithm equals 72%, 96%
and 81% for karate, dolphins and football networks respec-
tively (on average).

In Table 4 we also report average conductance Φ and
modularity Q of the revealed community structures for all
networks in Table 1 (mainly to enable comparison with
earlier work). Balanced propagation also performs better
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Fig. 3. (Color online) Comparison of balanced and label propagation on netsci and power networks. We report the scatter
plots showing individual communities, and the minimum values (i.e., lower hulls) at different scales (top, bottom respectively).
Results were obtained over 100 runs.

in terms of conductance. Still, results should be taken
with caution as BPA and BPAL algorithms commonly re-
turn larger communities than LPA algorithm, which im-
plies lower average conductance (see below). On the other
hand, according to modularity, performance depends on
the size of the network. We argue that this is an artifact
of an intrinsic scale incorporated into the measure of mod-
ularity (i.e., resolution limit [33,35]), thus, lower values of
modularity obtained by balanced propagation on smaller
networks should not be attributed to weaker community
structure (see Tab. 3).

Again, a general pattern can be observed between both
balanced propagation algorithms.

Next, we further analyze the larger two networks in Ta-
ble 1, namely, netsci and power. We apply each algorithm
100 times and analyze the conductance of obtained com-
munities at different scales. The results are reported in the
form of network community profile (NCP) [37] plots, and
are shown in Figure 3. NCP plots measure the quality of
the best community (due to conductance) as a function of
its size (Fig. 3, below). Social and information, and also
technological, networks commonly reveal rather character-
istic structure of NCP plots, with initial decreasing and
subsequent increasing trend (for more see [37]).

Observe that balanced propagation identifies commu-
nities on a much wider scale, including also larger commu-
nities. The structure of NCP plots thus better coincides
with the analysis of Leskovec et al. [37], where a natu-
ral (i.e., best) community size was estimated to a round
100 nodes. In other words, basic label propagation finds

Table 4. Analysis of community detection significance of bal-
anced and label propagation. We report the average conduc-
tance Φ and modularity Q of communities identified by differ-
ent algorithms (results are averages over 1000 runs).

Net.
Φ Q

LPA BPA BPAL LPA BPA BPAL

Kara. 0.285 0.254 0.242 0.355 0.296 0.301
Dolph. 0.345 0.082 0.078 0.485 0.377 0.380
Books 0.272 0.063 0.062 0.505 0.460 0.460
Foot. 0.328 0.295 0.296 0.593 0.602 0.602
Jazz 0.210 0.141 0.142 0.340 0.285 0.285
Eleg. 0.354 0.120 0.117 0.117 0.036 0.037
Netsci 0.063 0.006 0.007 0.879 0.945 0.944
Power 0.431 0.129 0.129 0.595 0.888 0.887

best communities at much smaller scale than balanced
propagation (i.e., at a round 10 nodes), when the conduc-
tance is also significantly higher on average (Tab. 4). Note
also that label propagation reveals a number of communi-
ties with very high conductance (i.e., (black) circles in the
uppermost part of Fig. 3, top), which can be directly re-
lated to the issues of the algorithm discussed in Section 2.

We conclude that, at least for the networks analyzed,
balanced propagation is indeed more stable than basic la-
bel propagation, when the quality of the identified com-
munity structure is also improved in most cases.

Last, we also briefly analyze the scalability of the pro-
posed balanced propagation. In Table 5 we report the av-
erage number of iterations2 made by the algorithms over
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Table 5. Analysis of complexity of balanced and label prop-
agation. We report the average number of iterations made by
the algorithms over 1000 runs (see text).

Network
Iterations

LPA BPA BPAL

Karate 3.8 12.6 12.8
Dolphins 4.9 21.5 22.3
Books 4.9 31.0 28.8
Football 3.7 23.4 22.7
Jazz 4.8 25.9 25.0
Elegans 7.1 16.1 16.1

1000 runs. As discussed in Section 3, we do not directly ad-
dress the issues with overlapping communities. Therefore,
nodes, having strong connections with different commu-
nities, can prevent basic balanced propagation from con-
verging. The results in Table 5 thus include only the runs
where the algorithms converged in a fixed (maximal) num-
ber of iterations (this includes at least 90% of runs in each
case). For the same reason, netsci and power networks
were not included in the analysis.

The complexity of label propagation is quite lower
compared to balanced propagation. Still, all algorithms
reveal communities in a relatively small number of iter-
ations and can be easily scaled to larger networks (ex-
hibit near linear time complexity O(|E|)). It should also
be noted that extremely fast convergence of label propa-
gation can be somewhat related to random node updates
(Sect. 2). Random update order can be seen as increasing
propagation strength from certain nodes (Sect. 3), which
limits the dynamics of the algorithm, and instantly leads it
towards some stable, probably suboptimal (i.e., random),
partition. The convergence of the algorithm is thus indeed
fast, still, the identified community structure is extremely
unstable and often suboptimal (as also observed by previ-
ous work [7,13,16,19]).

4.3 European road network

Road networks are not considered to convey a clear com-
munity structure, consisting of densely connected modules
(due to sparsity of such networks). However, the network
can still contain groups of nodes that are well isolated from
others (i.e., connected through only few edges) and com-
munity detection algorithms can be employed to reveal
such partition of the network. Communities should in this
case largely relate to the properties of the road transport
within the region, and also coincide with the geographical
characteristics of the area.

We have constructed a network of all roads included
in the international E-road network (Fig. 4). Nodes thus
correspond to European cities and edges represent direct
(class A, B) road connections among them. We limit the
analysis to the main component of the network that con-
sists of 1039 nodes and 1355 edges (a complete network has

2 Each iteration has linear time complexity O(|E|).

1177 nodes and 1469 edges). Note that the network is nei-
ther scale-free [43] (i.e., maximum degree equals 10, when
the degree distribution is, e.g., log-normal) nor small-
world [29] (i.e., average distance among nodes is l = 18.40
and the clustering coefficient [29] equals C = 0.02).

Due to long average distances among different parts
of the network, road networks are particularly hard to
partition with standard community detection algorithms.
Furthermore, as the network has almost tree-like struc-
ture, it is often hard to decide where to split long paths
of nodes. Indeed, if we apply the basic label propagation
(i.e., LPA algorithm) we obtain 343 communities with
Q = 0.5617 and Φ = 0.4424 (on average over 1000 runs).
Hence, communities consist of only 3.03 nodes on average,
thus, they can only hardly be considered as meaningful.

On the other hand, balanced propagation (i.e., BPA al-
gorithm) partitions the network into 35 communities with
Q = 0.8374 and Φ = 0.1224 (on average over 1000 runs).
In Figure 4 we show the community structure that ob-
tained minimum average conductance Φ. Note how the
largest communities quite accurately coincide with dif-
ferent (geographical) regions of Europe. In particular,
from left to right (top to bottom), communities represent
cities of Iberian Peninsula (e.g., Madrid), eastern Central
Europe (e.g., Berlin), western Central Europe (e.g., Paris),
Apennine Peninsula (e.g., Rome), eastern Russia, western
Russia and Finland (e.g., Moscow), northern East Europe
(e.g., Bratislava), southern East Europe (e.g., Bucharest),
Balkan Peninsula (e.g., Skopje), Scandinavian Peninsula
(e.g., Stockholm), etc. It is ought to be mentioned that,
although community structures revealed by the algorithm
through different runs indeed differ, in most cases, largest
communities correspond to the same regions as discussed
above. The latter thus further confirms the robustness of
the balanced propagation.

5 Conclusions

The article addresses one of the main issues of label prop-
agation algorithm for community detection – the stabil-
ity of the identified community structure. We introduce
balanced propagation that controls (i.e., stabilizes) the
dynamics of basic label propagation through utilization
of node balancers. The resulting approach is significantly
more robust than its label propagation counterpart, when
its community detection strength is even improved. Thus,
balanced propagation retains high scalability and algorith-
mic simplicity of label propagation, but improves on its
stability and performance. The proposition has been val-
idated on synthetic networks with planted partition, and
on several real-world networks with community structure.
Moreover, the proposed algorithm was further applied to
an entire European road network, where it accurately par-
titions the network with respect to (geographical) regions.

Due to its simplicity, balanced propagation can be eas-
ily incorporated into arbitrary (label) propagation algo-
rithm, not limited to the field of community detection.
Moreover, the work provides further comprehension of the
propagation on networks, with different applications.
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Fig. 4. (Color online) Community structure of the main component of European road network revealed with balanced propaga-
tion (i.e., BPA algorithm). Node symbols (colors) correspond to different communities, when edge widths represent significant
inter-community edges. Due to clarity, only the largest 10 communities of total 24 are shown (Q = 0.8344 and Φ = 0.0796).
Note how communities quite accurately coincide with different (geographical) regions of Europe.

The work has been supported by the Slovene Research Agency
ARRS within the research program P2-0359.
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4
Odkrivanje skupin vozlǐsč z

napredno izmenjavo oznak

V pričujočem poglavju je vloženo delo z naslovom “Odkrivanje skupin vozlǐsč z na-

predno izmenjavo oznak” [99] (angl. “Unfolding communities in large complex net-

works: Combining defensive and offensive label propagation for core extraction”).

Delo predstavi različne metode in tehnike odkrivanja karakterističnih skupin vozlǐsč

v omrežjih na osnovi izmenjave oznak, ki temeljijo na različnih strategijah prefe-

renčnih vozlǐsč ter hierarhičnemu preiskovanju. Le-te močno izbolǰsajo natančnost

osnovnega pristopa, pri tem pa je asimptotična časovna zahtevnost blizu idealne (t.j.

linearne). Predlagane izbolǰsave pristopa so preizkušene na številnih sintetičnih in

realnih omrežij z znano zgradbo ter primerjane z najbolǰsimi pristopi v literaturi.

Predstavljeno delo je v razširjeni obliki objavljeno v [99, 126].3

3Privzeta programska koda ter omrežja so dostopna na http://lovro.lpt.fri.uni-lj.si/.
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Label propagation has proven to be a fast method for detecting communities in large complex networks. Recent
developments have also improved the accuracy of the approach; however, a general algorithm is still an open issue.
We present an advanced label propagation algorithm that combines two unique strategies of community formation,
namely, defensive preservation and offensive expansion of communities. The two strategies are combined in a
hierarchical manner to recursively extract the core of the network and to identify whisker communities. The
algorithm was evaluated on two classes of benchmark networks with planted partition and on 23 real-world
networks ranging from networks with tens of nodes to networks with several tens of millions of edges. It is shown
to be comparable to the current state-of-the-art community detection algorithms and superior to all previous
label propagation algorithms, with comparable time complexity. In particular, analysis on real-world networks
has proven that the algorithm has almost linear complexity, O(m1.19), and scales even better than the basic label
propagation algorithm (m is the number of edges in the network).
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I. INTRODUCTION

Large real-world networks can comprise local structural
modules (communities) that are groups of nodes, densely
connected within and only loosely connected with the rest
of the network. Communities are believed to play important
roles in different real-world systems (e.g., they may correspond
to functional modules in metabolic networks [1]); moreover,
they also provide a valuable insight into the structure and
function of large complex networks [1–3]. Nevertheless, real-
world networks can reveal even more complex modules than
communities [4,5].

Over the last decade the research community has shown a
considerable interest in detecting communities in real-world
networks. Since the seminal paper of Girvan and Newman [6]
a vast number of approaches have been presented in the
literature—in particular, approaches optimizing modularity
Q (the significance of communities due to a selected null
model [7]) [8–12], graph partitioning [13,14] and spectral
algorithms [9,15], statistical methods [4], algorithms based
on dynamic processes [16–20], overlapping, hierarchical, and
multiresolution methods [1,6,20], and others [21] (for an
excellent survey see [22]).

The size of large real-world networks has forced the
research community to develop scalable approaches that can
be applied to networks with several millions of nodes and
billions of edges. A promising effort was made by Raghavan
et al. [18], who employed a simple label propagation to find
significant communities in large real-world networks. Tibély
and Kertész [23] have shown that label propagation is in fact
equivalent to a large zero-temperature kinetic Potts model,
while Barber and Clark [11] have further refined the approach
into a modularity optimization algorithm. Just recently, Liu
and Murata [12] have combined the modularity optimization

*lovro.subelj@fri.uni-lj.si
†marko.bajec@fri.uni-lj.si

version of the algorithm with a multistep greedy agglomeration
[24] and derived an extremely accurate community detection
algorithm.

Leung et al. [19] have investigated label propagation
on large web networks, mainly focusing on scalability is-
sues, and have shown that the performance can be signifi-
cantly improved with label hop attenuation and by applying
node preference (i.e., node propagation strength). We carry
forward their work in developing two unique strategies
of community formation, namely, defensive preservation
of communities, where preference is given to the nodes
in the core of each community, and offensive expansion
of communities, where preference is given to the border
nodes of each community. Cores and borders are estimated
using random walks, formulating the diffusion over the
network.

Furthermore, we propose an advanced label propagation
algorithm—the diffusion and propagation algorithm—that
combines the two strategies in a hierarchical manner: The
algorithm first extracts the core of the network and identifies
whisker communities [26] (Appendix A), and then recurses on
the network core (Fig. 1). The performance of the algorithm
has been analyzed on two classes of benchmark networks with
planted partition and on 23 real-world networks ranging from
networks with tens of nodes to networks with several tens of
millions of edges. The algorithm is shown to be comparable to
the current state-of-the-art community detection algorithms
and superior to all previous label propagation algorithms,
with comparable time complexity. In particular, the algorithm
exhibits almost linear time complexity (in the number of edges
of the network).

The rest of the paper is structured as follows. Sec-
tion II gives a formal introduction to label propagation
and reviews subsequent advances, relevant for this research.
Section III presents the diffusion and propagation algorithm
and discusses the main rationale behind it. Empirical eval-
uation with discussion is done in Secs. IV, and V is our
conclusion.

036103-11539-3755/2011/83(3)/036103(12) ©2011 American Physical Society
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FIG. 1. (Color online) Results of diffusion and propagation
algorithm applied to the network of autonomous systems of the
Internet [25]. The figure shows two community networks, where
the largest nodes correspond to densely connected modules of almost
104 nodes in the original network. Network cores, extracted by the
algorithm, are colored red (dark gray) and whisker communities
are represented with transparent nodes. The results show that
the algorithm can detect communities on various levels of
resolution—average community sizes are 16.38 and 588.79 nodes
(with Q equal to 0.475 and 0.582, respectively).

II. LABEL PROPAGATION AND ADVANCES

Let the network be represented by an undirected graph
G(N,E), with N being the set of nodes of the graph and E

being the set of edges. Furthermore, let cn be a community
(label) of node n, n ∈ N , and N (n) the set of its neighbors.

The basic label propagation algorithm (LPA) [18] exploits
the following simple procedure. At first, each node is labeled
with a unique label, cn = ln. Then, at each iteration, the node
is assigned the label shared by most of its neighbors (i.e., the
maximal label),

cn = argmax
l

|N l(n)|, (1)

where N l(n) is the set of neighbors of n that share label l (in the
case of ties, one maximal label is chosen at random). Due to the
existence of multiple edges within the communities, relative
to the number of edges between the communities, nodes in a
community will adopt the same label after a few iterations. The
algorithm converges when none of the labels changes anymore
(i.e., equilibrium is reached) and nodes sharing the same label
are classified into the same community.

The main advantage of label propagation is its nearly linear
time complexity—the algorithm commonly converges in less
then 10 iterations (on networks of moderate size). Raghavan
et al. [18] observed that after 5 iterations 95% of the nodes
already obtained their “right” label. Their observation can be
further generalized: The number of nodes that change their
label on the first 4 iterations roughly follow the sequence
90%, 30%, 10%, and 5%. However, because of the algorithm’s
simplicity, the accuracy of identified communities is often not
state of the art (Sec. IV).

Leung et al. [19] have noticed that the algorithm, applied to
large web networks, often produces a single large community,
occupying more than a half of the nodes of the network.
Thus, they have proposed a label hop attenuation technique, to
prevent the label from spreading too far from its origin. Each

label ln has associated an additional score sn (initially set to 1)
that decreases after each propagation [Eq. (1)]. Hence,

sn =
(

max
i∈N cn (n)

si

)
− δ, (2)

with δ being the attenuation ratio. When sn reaches 0, the label
can no longer propagate onward [Eq. (3)], which successfully
eliminates the formation of a single major community [19].

Leung et al. [19] have also shown that hop attenuation has
to be coupled with node preference fn (i.e., node propagation
strength) in order to achieve superior performance. The label
propagation updating rule [Eq. (1)] is thus reformulated into

cn = argmax
l

∑
i∈N l (n)

f α
i siwni, (3)

where wni is the edge weight (equal to 1 for unweighted
graphs) and α is a parameter of the algorithm. They have
experimented with preference equal to the degree of the
node, fi = ki and α = 0.1; however, no general approach was
reported.

Label hop attenuation in Eq. (2) can be rewritten into an
equivalent form that allows altering δ during the course of the
algorithm [19]. One keeps the label distance from the origin
dn (initially set to 0) that is updated after each propagation.
Hence,

dn = ( min
i∈N cn (n)

di) + 1, (4)

when the score sn is

sn = 1 − δdn. (5)

Raghavan et al. [18] have already shown that the updat-
ing rule of label propagation [Eq. (1)], or its refinements
[Eq. (3)], might prevent the algorithm from converging.
Imagine a bipartite network with two sets of nodes, i.e., red
and blue nodes. Let, at some iteration of the algorithm, all red
nodes share label lr and all blue nodes share label lb. Because
of the bipartite structure of the network, at the next iteration, all
red and blue nodes will adopt the label lb and lr , respectively.
Furthermore, at the next iteration all nodes will recover their
original labels, preventing the algorithm from converging.

The problem can be avoided with asynchronous updating
[18]. Nodes are no longer updated all together, but sequentially,
in random order. Thus, when a node’s label is updated, (pos-
sibly) already updated labels of its neighbors are considered
(in contrast to synchronous updating, which considers only
labels from the previous iteration). It should be noted that
asynchronous updating can even increase the performance of
the algorithm [19].

Furthermore, when a node has equally strong connections
with two or more communities, its label will, in general, con-
stantly change [18,19]. The problem is particularly apparent in
author collaboration (co-authorship) networks, where a single
author often collaborates with different research communities.
On the collaboration network of network scientists [9] the
basic label propagation algorithm fails to converge, as up to
10% of the nodes would change their label even after 10 000
iterations; the results suggest that the network contains at least
20% of such nodes, i.e., over 300 scientists collaborating with
different research communities [28].
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FIG. 2. Comparison of node access strategies for label propaga-
tion on two sets of benchmark networks with planted partition [27]
(the results are averages over 100 realizations). Network sizes equal
500 and 1000 nodes, and communities comprise up to 50 and
100 nodes, respectively. LPA denotes the basic label propagation
algorithm and LPAS denotes LPA without (subsequent) reshuffling
of nodes.

Leung et al. [19] suggested including the concerned label
itself in the maximal label consideration (and not merely
neighbors’ labels); however, we use a slightly modified version
[18]. When there are multiple maximal labels among neighbors
and one of them equals the concerned label, the node retains
its label. The main difference here is that the modified
version considers the concerned label only when there exist
multiple maximal labels among neighbors. On the discussed
collaboration network, such an algorithm converges in around
4 iterations.

Never-converging nodes can also be regarded as a clear
signature of overlapping communities [1], where nodes can be-
long to multiple communities. Extension of label propagation
to detect overlapping communities was recently proposed by
Gregory [29] (and previously discussed in [18,19]). However,
due to simplicity, we investigate only basic (no-overlap)
versions of the label propagation algorithm.

Another important issue of label propagation is the stability
of identified community structure [18], especially in large
networks. For more detailed discussion see [12,18,23].

Label propagation with asynchronous updating accesses the
nodes in a random order. Nodes are then shuffled after each
iteration, mainly to address the problems discussed above.
Although this subsequent reshuffling does not increase the al-
gorithm’s complexity, it does indeed increase its computational
time. Nevertheless, the results in Fig. 2 show that LPA without
subsequent reshuffling of nodes (LPAS) only slightly decreases
the performance of the basic LPA. Thus, all the approaches
presented in the following section use asynchronous updating
with a single (initial) shuffling of nodes.

III. DIFFUSION AND PROPAGATION ALGORITHM

The section presents the diffusion and propagation algo-
rithm that combines several approaches, also introduced in
this section. We thus give here a brief review of these.

First, we further analyze label hop attenuation for LPA
(Sec. II) and propose different dynamic hop attenuation
strategies in Sec. III A. Next, we consider various approaches
for node propagation preference (Sec. II). By estimating node
preference by means of the diffusion over the network, we

derive two algorithms that result in two unique strategies
of community formation, namely, defensive preservation and
offensive expansion of communities. The algorithms are
denoted defensive and offensive diffusion and attenuation LPA
(DDALPA and ODALPA) and are presented in Sec. III B.

The DALPA algorithms are combined into the basic
diffusion and propagation algorithm (BDPA), preserving
the advantages of both defensive and offensive approaches
(Sec. III C). BDPA already achieves superior results on net-
works of moderate size (Sec. IV); for use with larger networks,
the algorithm is further enhanced with core extraction and
whiskers identification. The improved algorithm is denoted
the (general) diffusion and propagation algorithm (DPA) and
is presented in Sec. III C.

A. Dynamic hop attenuation

Hop attenuation has proven to be a reliable technique for
preventing the emergence of a major community occupying
most of the nodes of the network [19]. It is, however, not
evident what the value of attenuation ratio δ should be
[Eq. (2)]. Leung et al. [19] have experimented with values
around 0.10 and obtained good results; still, their experimental
setting was rather limited. Furthermore, our preliminary
empirical analysis suggests that there is no (simple) universal
value for δ applicable for all different types of networks (the
results are omitted here).

Leung et al. [19] have also observed that large values of δ

may prevent the natural growth of communities and have pro-
posed a dynamic strategy that decreases δ from 0.50 toward 0.
In the early iterations of the algorithm, large values of δ prevent
a single label from rapidly occupying a large set of nodes
and ensure the emergence of a number of strong community
cores. The value of δ is then decreased, to gradually relax the
restriction and to allow formation of the actual communities
depicted in the network topology. The results on real-world
networks show that such a strategy has very good performance
on larger networks (Sec. IV); still, the results can be further
improved. The empirical evaluation in Sec. IV also proves that
the strategy is too aggressive for smaller networks, where it is
commonly outperformed even by basic LPA.

We propose different dynamic hop attenuation strategies,
based on the hypothesis that hop attenuation should only be
employed when a community, or a set of communities, is
rapidly occupying a large portion of the network. Otherwise,
the restriction should be (almost) completely relaxed, to allow
label propagation to reach the equilibrium unrestrained. Thus,
the approach would retain the dynamics of label propagation
and still prevent the emergence of a major community.

We have considered several strategies for detecting the
emergence of a large community or a set of large communities.
Because of limited space, we limit the discussion to two. After
each iteration, the value of δ (initially set to 0) is updated
according to the following rule:

nodes: δ is set to the proportion of nodes that changed their
label;

communities: δ is set to the proportion of communities (i.e.,
labels) that disappeared.

Both strategies successfully address the problem of major
community formation; however, a detailed comparison is
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omitted here. The algorithms proposed here all use the nodes
strategy, because of its much finer granularity, as opposed to
the communities approach—after 4 iterations the number of
communities is, in general, already 20 times smaller than the
number of nodes (Sec. II); thus, the estimate of δ is rather rough
for the communities strategy. For the empirical evaluation see
Sec. IV.

B. Defensive and offensive propagation

Leung et al. [19] have proved that using node preference,
to increase the propagation strength (i.e., label spread) from
certain nodes, can improve the performance of basic LPA.
We conducted several experiments by using variations of
different measures of node centrality for node propagation
preference (i.e., degree and eigenvector centrality [30,31]
and node clustering coefficient [32]). The results are omitted
here; however, they clearly indicate that none of these static
measures applies for all different types of networks (i.e.,
general networks).

We have also observed that good performance can be
obtained by putting higher preference to the core of each
community (i.e., to its most central nodes). For instance,
on the Zachary’s karate club network [33], where three
high-degree nodes reside in the core of the two (natural)
communities, degree and eigenvector centralities are superior.
However, on Girvan and Newman [6] benchmark networks,
where all the nodes have equal degree (on average), the
measures are rendered useless and are outperformed by the
node clustering coefficient. On the Lancichinetti et al. [27]
benchmark networks, the best performance is, interestingly,
obtained by inverted degree or eigenvector centrality. The
measures seem to counter each node’s degree (low-degree
nodes have high propagation strength, and vice versa); thus, the
propagation utilizes merely the connectedness among nodes,
disregarding its strength.

Based (also) on the above observations, we have developed
two algorithms that estimate node preference by means of
the diffusion over the network. During the course of the
algorithms, the diffusion is formulated using a random walker
within each of the (current) communities of the network. The
rationale here is twofold: (1) to estimate the (label) propagation
within each of the (current) communities [34], and (2) to
derive an estimation of the core and border of each (current)
community (with the core being the most central nodes of the
community and the border being its edge nodes).

Let pn be the probability that a random walker, utilized
on the community labeled with cn, visits node n. pn can be
computed as

pn =
∑

i∈N cn (n)

pi/k
cn

i , (6)

where the sum goes over all the neighbors of n within the
community cn, and k

cn

i is the intracommunity degree of node
i. The employed formulation is similar to algorithms such as
PageRank [35] and HITS [36], and also to the basic eigenvector
centrality measure.

Finally, we present the two algorithms mentioned above,
namely, defensive and offensive diffusion and attenuation LPA
(DDALPA and ODALPA). The defensive algorithm applies

preference (i.e., propagation strength) to the core of each
community, i.e., f α

n = pn, and the updating rule in (3) is
rewritten as

cn = argmax
l

∑
i∈N l (n)

pisiwni . (7)

On the other hand, the offensive version applies preference
to the border of each community, i.e., f α

n = 1 − pn, and the
updating rule becomes

cn = argmax
l

∑
i∈N l (n)

(1 − pi) siwni . (8)

As opposed to the algorithm of Leung et al. [19], the main
novelty here is in considering (current) communities, found
by the algorithm, to estimate the (current) state of the label
propagation process and then to adequately alter the dynamics
of the process.

To better estimate the border of each community, the
offensive algorithm uses degrees ki (instead of intracommunity
degrees k

cn

i ) for the estimation of diffusion values pn [see
Eq. (6)]. The modification results in higher values of 1 − pn

for nodes with large intercommunity degrees (i.e., nodes that
reside in the borders of communities) and thus provides more
adequate formulation of the node propagation strength for the
offensive version (the results are omitted here).

When a node’s label changes, the values pn should be
reestimated for each node in the concerned node’s previous
or current community. However, this would likely render the
algorithm inapplicable on larger networks. Thus, we only
update the value pn [according to Eq. (6)] when the node n

changes its label (initially all pn are set to 1/|N |). Although the
approach is only a rough approximation of an exact version,
preliminary empirical experiments reveal no significant gain
by using the exact values for pn.

Defensive and offensive label propagation algorithms result
in two unique strategies of community formation, namely, de-
fensive preservation and offensive expansion of communities.
The defensive algorithm quickly establishes a larger number
of strong community cores [in the sense of Eq. (7)] and is able
to defensibly preserve them during the course of the algorithm.
This results in an immense ability of detecting communities,
even when they are only weakly defined in the network
topology. On the other hand, the offensive approach produces a
range of communities of various sizes, as commonly observed
in the real-world networks [3,18]. Laying the pressure on the
border of each community expands those that are strongly
defined in the network topology. This constitutes a more
natural (offensive) struggle among the communities and results
in a great accuracy of the communities revealed.

Comparison of the algorithms on two real-world networks
is depicted in Fig. 3. The examples show that defensive propa-
gation prefers networks with rather homogeneous distribution
of the sizes of the communities, and that offensive propagation
favors networks with more heterogeneous (e.g., power law)
distribution. It should, however, be noted that both approaches
can achieve superior performance on both of the networks.
Still, on average, the defensive approach performs better on
the social network football [6], while offensive outperforms
defensive on the metabolic network elegans [37].
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FIG. 3. (Color online) Comparison of defensive and offensive
label propagation on two real-world networks, i.e., a social network
of American football matches at a US college [6] and a metabolic
network of the nematode Caenorhabditis elegans [37]. The revealed
communities are shown with pentagonal nodes, and the sizes and
intensities of colors (shadings) of the nodes are proportional to the
sizes of communities. The networks comprise two relatively different
community structures, considering the distribution of sizes of the
communities. This is rather homogeneous in the case of football and
(presumably) a power law in the case of elegans.

For an empirical analysis and further discussion of the
algorithms, see Sec. IV; and for the pseudocode of the
algorithms and discussion on some of the implementation
issues, see Appendix B.

C. Diffusion and propagation algorithm

Defensive and offensive label propagation (Sec. III B)
convey two unique strategies of community formation. An
obvious improvement would be to combine the strategies, thus
retaining the strong detection ability of the defensive approach
and high accuracy of the offensive strategy. However, simply
using the algorithms one after another does not attain the
desired properties. The reason is that any label propagation

algorithm, being run until convergence, finds local optimum
(i.e., local equilibrium) that is hard to escape from.

Raghavan et al. [18] have already discussed the idea
(however, in a different context) that label propagation could
be improved if one had a priori knowledge about community
cores. Core nodes could then be labeled with the same label,
leaving all the other nodes labeled with a unique label. During
the course of the algorithm, the (uniquely labeled) nodes
would tend to adopt the label of their nearest attractor (i.e.,
the community core) and thus join its community. This would
improve the algorithm’s stability [18] and also the accuracy of
the identified communities (Sec. IV).

The defensive and offensive label propagation algorithms
are combined in the following manner. First, the defensive
strategy is applied, to produce initial estimates of the commu-
nities and to accurately detect their cores. All border nodes of
each community are then relabeled (labeled with a unique
label), so that approximately one-half of the nodes retain
their original label. Last, the offensive strategy is applied,
which refines the community cores and accurately detects also
their borders. Such combined strategy preserves advantages
of both defensive and offensive label propagation algorithms
and is denoted the basic diffusion and propagation algorithm
(BDPA). Schematic representation of the algorithm is depicted
in Fig. 4 (steps 3 and 4).

The core (and border) of each community is estimated by
means of diffusion pn (Sec. III B). As core nodes possess
more intracommunity edges then border nodes, this results
in higher values of pn for core nodes. Thus, within the
algorithm, the node n is relabeled due to the following
rule:

cn =
{

cn for pn > mcn
,

ln for pn � mcn

, (9)

where mcn
is the median of values pn for nodes in community

cn, and ln is a unique label. Thus, the core nodes retain their
original labels, while all border nodes are relabeled. Note that
all nodes with pn equal to the median are also relabeled, to
adequately treat smaller communities, where most of the nodes
share the same value of pn.

Empirical evaluation shows that BDPA significantly outper-
forms basic LPA and also the algorithm of Leung et al. [19]
on smaller networks. However, when networks become larger,
the hop attenuation strategy of Leung et al. [19] produces
much larger communities, with higher values of modularity
(on average).

Different authors have proposed approaches that detect
communities in a hierarchical manner (e.g., [10]). The al-
gorithm is first applied to the original network and initial
communities are obtained. One then constructs the community
network, where nodes represent communities and edges are
added between them, while their nodes are connected in the
original network. The algorithm is then recursively applied
to the community network and the process repeats. At the
end, the best communities found by the algorithm are reported
(according to some measure).

The idea was also proposed in the context of
label propagation [19]; however, the authors did not report
any empirical results. We have analyzed the behavior of
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FIG. 4. (Color online) Diagram of (general) diffusion and propagation algorithm (DPA; the figure is merely a schematic representation
of the algorithm and does not correspond to the actual result of the given network). The algorithm combines defensive and offensive label
propagation in a hierarchical manner (steps 1 and 2) to extract the core of the network (red heptagon communities) and to identify whisker
communities (blue triangle and orange square communities). Whiskers are retained as identified communities, while the algorithm is recursively
applied to the core of the (community) network. The recursion continues until all of the nodes of the (current) network are classified into
the same community (i.e., offensive propagation in step 2 flood-fills), when the basic diffusion and propagation algorithm (BDPA) is applied
(steps 3 and 4). For more detailed discussion on the algorithms, see text.

hierarchical label propagation on real-world networks and
also on benchmark networks with planted partition. The
analysis has shown that on the second iteration (when
the algorithm is first run on the community network), the
label propagation (already) produces one major community
or even flood-fills (all nodes are classified into the same
community).

Although the analysis revealed undesirable behavior, we
have observed that the major community commonly coincides
with the core of the network, while other communities
correspond to whisker communities. Leskovec et al. [3] have
extensively analyzed large social and information networks
and observed that (these) networks reveal clear core-periphery
structure—most of the nodes are in the central core of the
network, which does not have a clear community structure,
whereas the best communities reside in the periphery (i.e.,
whiskers), which is only weakly connected with the core. For
further discussion see Appendix A.

Based on the above observations, we propose the following
algorithm denoted the (general) diffusion and propagation
algorithm (DPA); a schematic representation of the algorithm
is depicted in Fig. 4. First, defensive label propagation is ap-
plied to the original network (step 1), which produces a larger
number of smaller communities that are used to construct the
corresponding community network. Second, offensive label
propagation is used on the constructed community network
(step 2), to extract the core of the network (i.e., its major com-
munity) and to identify whisker communities (i.e., all other
communities). The above procedure is then recursively applied
only to the core of the (community) network, while the whisker
communities are retained as identified communities. The
recursion continues until the offensive propagation in step 2
flood-fills (i.e., the extracted core contains all of the nodes

of the network analyzed), when the basic BDPA is applied
(steps 3 and 4).

Empirical analysis on real-world networks shows that
DPA outperforms all other label propagation algorithms (with
comparable time complexity) and is comparable to current
state-of-the-art community detection algorithms. Furthermore,
the algorithm exhibits almost linear complexity (in the number
of edges of the network) and scales even better than the
basic LPA. It should also be noted that the application of the
algorithm is not limited to networks that exhibit core-periphery
structure.

For a thorough empirical analysis and further discussion
on both presented algorithms, see Sec. IV; and for the
pseudocode of the algorithms and discussion on some of the
implementation issues, see Appendix B.

IV. EVALUATION AND DISCUSSION

The section presents the results of the empirical evaluation
of the proposed algorithms.

The algorithms were first compared on two classes of
benchmark networks with planted partition, namely, Girvan
and Newman [6] and Lancichinetti et al. [27] benchmark
networks. For the latter, we also varied the size of the networks
(1000 and 5000 nodes) and the size of the communities (from
10 to 50 and from 20 to 100 nodes). The results are assessed
in terms of normalized mutual information (NMI) [52] and are
shown in Fig. 5.

Analysis clearly shows the difference between defensive
and offensive propagation, especially on larger networks
[Figs. 5(d) and 5(e)]. The offensive propagation (ODALPA)
performs slightly better than the basic LPA and can still
relatively accurately detect communities, while LPA already
performs rather poorly [Fig. 5(d)]. On the other hand, the
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FIG. 5. (Color online) Comparison of the proposed algorithms on two classes of benchmark networks with planted partition, namely,
Girvan and Newman [6] networks and four sets of Lancichinetti et al. [27] networks (the results are averages over 100 realizations). Network
sizes equal 128, 1000, and 5000 nodes, and communities comprise up to 100 nodes. Straight (gray) lines at μ = 0.5 denote the point beyond
which the communities are no longer defined in the strong sense [13].

defensive propagation (DDALPA) does not detect communi-
ties as accurately as the other two approaches [Figs. 5(d) and
5(e)]; however, the algorithm still reveals the communities
even when they are only weakly defined (and the other
two approaches clearly fail). In other words, the defensive
algorithm has high recall, whereas the offensive approach
achieves high precision.

Furthermore, BDPA (and DPA) outperforms all three
aforementioned algorithms. Note that the performance does
not simply equal the upper hull of those for DDALPA and
ODALPA. The analysis also shows that core extraction (i.e.,
DPA) does not improve the results on networks with thousands
of nodes or less; the slight improvement on Girvan and
Newman [6] benchmark networks results only from hierar-
chical investigation, and not core extraction. Nevertheless, as
shown below, the results can be significantly improved on
larger networks.

Lancichinetti and Fortunato [53] have conducted a thorough
empirical analysis of more then 10 state-of-the-art community
detection algorithms. To enable the comparison, the bench-
mark networks in Fig. 5 were selected so that they exactly
coincide with those used in [53]. By comparing the results,
we can conclude that DPA does indeed perform at least as
good as the best algorithms analyzed in [53], namely, the

hierarchical modularity optimization of Blondel et al. [10],
the model selection approach of Rosvall and Bergstrom [16],
the spectral algorithm proposed by Donetti and Munoz [15],
and the multiresolution spin model of Ronhovde and Nussinov
[20]. Moreover, on larger networks [Figs. 5(d) and 5(e)], DPA
obtains even better results than all of the algorithms analyzed
in [53]—for μ = 0.8, none of the analyzed algorithms can
obtain NMI above ≈0.35, while the values for DPA are 0.651
and 0.541, respectively.

DPA (and BDPA) was further analyzed on 23 real-world
networks (Table I), ranging from networks with tens of
nodes to networks with several tens of millions of edges
[54]. To conduct a general analysis, we have considered
a wide range of different types of real-world networks, in
particular, social, communication, citation, collaboration, web,
Internet, biological, and other networks (all networks were
treated as unweighted and undirected). Because of the large
number of networks considered, detailed description is omitted
here.

The DPA algorithm was compared with all other pro-
posed label propagation algorithms (to our knowledge), and
with a greedy modularity optimization approach (Table I).
The algorithms are as follows: LPA denotes basic label
propagation [18], and LPAD denotes LPA with decreasing
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TABLE I. Peak (maximal) modularities Q for various label propagation algorithms and a greedy optimization of modularity. The modularity
for DPA for elegans was obtained with δmax = 1 and for asi with δmax = 0 (Appendix B); otherwise the values are 0.420 and 0.588, respectively.
Values in italics correspond to the approaches that have significant time complexity compared to DPA.

Network Description Nodes Edges GMO LPA LPAD LPAQ LPAM BDPA DPA No. CEc Tc

karate Zachary’s karate club [33] 34 78 0.381 0.416 0.402 0.399 0.420 0.419 0.420 0.02
dolphins Lusseau’s bottlenose dolphins [38] 62 159 0.529 0.526 0.516 0.529 0.528 0.529 0.59
books Co-purchased political books [39] 105 441 0.526 0.519 0.522 0.527 0.527 0.527 0.46
football American football league [6] 115 616 0.556 0.606 0.606 0.604 0.605 0.606 0.606 0.37
elegans Metabolic network C. elegans [37] 453 2025 0.412 0.421 0.413 0.409 0.452 0.424 0.427b 0.17
jazz Jazz musicians [40] 198 2742 0.439 0.443 0.443 0.445 0.445 0.444 0.444 0.00
netsci Network scientists [9] 1589 2742 0.902 0.947 0.907 0.960 1.00
yeast Yeast protein interactions [41] 2114 4480 0.694 0.799 0.725 0.824 1.04
emails Emails within a university [42] 1133 5451 0.503 0.557 0.560 0.537 0.582 0.555 0.562 0.01
power Western US power grid [32] 4941 6594 0.612 0.804 0.668 0.908 1.14
blogs Weblogs on politics [43] 1490 16718 0.426 0.426 0.426 0.426 1.00
pgp PGP web of trust [44] 10680 24340 0.849 0.754 0.844 0.726 0.884 0.782 0.869 1.08
asi Autonomous syst. of Internet [25] 22963 48436 0.511 0.591 0.528 0.600b 1.02 0 s
codmat3 Cond. Matt. archive 2003a [45] 27519 116181 0.661 0.616 0.683 0.582 0.755 0.634 0.735 1.00 1.5 s
codmat5 Cond. Matt. archive 2005a [45] 36458 171736 0.586 0.643 0.608 0.683 1.00
kdd3 KDD-Cup 2003 dataset [46] 27770 352285 0.624 0.630 0.619 0.617 1.00 3 s
nec nec web overlay map [47] 75885 357317 0.693 0.738 0.703 0.767 1.03
epinions Epinions web of trust [48] 75879 508837 0.382 0.362 0.399 0.402 1.00 4.5 s
amazon3 Amazon co-purchasing 2003 [49] 262111 1.2M 0.682 0.749 0.701 0.857 1.01 20 s
ndedu Webpages in nd.edu domain [50] 325729 1.5M 0.840 0.890 0.863 0.903 1.14
google Web graph of Google [3] 875713 4.3M 0.805 0.923 0.822 0.968 1.01 2.5 m
nber NBER patents citations [51] 3.8M 16.5M 0.573 0.624 0.583 0.759 1.20
live Live Journal friendships [3] 4.8M 69.0M 0.538 0.539 0.557 0.693 1.00 44 m

aReduced to the largest component of the original network.
bObtained with slightly modified version of DPA (see caption).
cAverage number of core extractions and computational times for DPA.

hop attenuation and node preference equal to the degree
of the node [19] (Sec. II). The modularity optimization
version of LPA is denoted LPAQ [11], and its refinement
with multistep greedy merging LPAM [12]. Furthermore,
GMO denotes greedy modularity optimization, proposed by
Clauset et al. [8].

For each algorithm, we report peak (maximal) modularities
obtained on the networks analyzed. Modularities for LPA,
LPAD, BDPA, and DPA were obtained by running the algo-
rithms from 2 to 100 000 times on each network (depending on
the size of the network). On the other hand, peak modularities
for LPAQ and LPAM (and also GMO) were reported by Liu
and Murata [12].

The results show that DPA outperforms all other label
propagation algorithms, except LPAM on networks of medium
size (i.e., elegans, emails, pgp, and codmat3). However, further
analysis reveals that on these networks, LPAM already has
considerable time complexity compared to DPA. It should also
be noted that modularities obtained by LPAM on three of these
networks correspond to the highest modularity values ever
reported in the literature. Similarly, peak modularities obtained
by DPA (and some others) on smaller networks also equal the
highest modularities ever published (to our knowledge, the
modularity for football even slightly exceeds the highest value
ever reported, i.e., 0.606, as opposed to 0.605). In summary,
DPA obtains significantly higher values of modularity than
other comparable label propagation approaches, especially on
larger networks (with millions of nodes and edges).

As already discussed in Sec. III C, BDPA achieves superior
results on smaller networks, better than LPA, LPAQ, and LPAD
(and GMO). However, the algorithm is not appropriate for

FIG. 6. (Color online) Time complexity of different label prop-
agation algorithms estimated on real-world networks from Table I
(results are averages over 100 iterations). From top to bottom, straight
lines correspond to 0.83m0.51, 5.15m0.19, and 1.03m0.23, while the
text denotes the overall time complexity of the algorithms (LPAM,
DPA, and LPA, respectively). On a network with a billion edges, the
(projected) number of iterations for DPA and LPA would equal 265
and 113, respectively.
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TABLE II. Mean pairwise NMI of distinct community structures
identified by different label propagation algorithms in 10 000 itera-
tions (on selected set of networks from Table I).

Network Nodes Edges LPA BDPA DPA

karate 34 78 0.574 0.578 0.660
dolphins 62 159 0.714 0.762 0.774
books 105 441 0.737 0.803 0.805
football 115 616 0.878 0.896 0.897
elegans 453 2025 0.610 0.615 0.618
jazz 198 2742 0.602 0.748 0.808

larger networks, where hierarchical core extraction prevails
(i.e., DPA).

We have also analyzed the number of core extractions
(Sec. III C) made by DPA on these networks (Table I). Core
extraction does not gain on networks with less than thousands
of nodes or edges, where the average number is commonly
close to 0. However, when networks become larger, a (single)
core extraction produces a significant gain in modularity (on
these networks). Interestingly, even on a network with several
millions of nodes and several tens of millions of edges (i.e.,
live), the number of extractions is still 1 (on average).

Next, we have thoroughly compared the time complexity
of a simple LPA and DPA (and also LPAM [12]). On each
iteration of the algorithms, each edge of the network is
visited (at most) twice. Thus the time complexity of a single
iteration equals O(m), with m being the number of edges.
The complexity for DPA is even lower, after the core has
been extracted; however, due to simplicity, we consider each
iteration to have complexity O(m).

Iterative algorithms (such as label propagation) are com-
monly assessed only on smaller networks, where the number
of iterations can be bounded by a small constant. In this
context, both LPA and DPA exhibit nearly linear complexity,
O(m). However, on networks with thousands or millions of
nodes and edges, this “constant” indeed increases—even for
simple LPA, which is known for its speed, the number of
iterations notably increases on larger networks. We have thus
analyzed the total number of iterations made by the algorithms
on real-world networks (Table I). The results are shown in
Fig. 6 (the number of edges m is chosen to represent the
size of the network). Note that the number of iterations for
DPA corresponds to the sum of the iterations made by all
of the algorithms run within (i.e., DDALPA, ODALPA, and
BDPA).

As discussed earlier, DPA (and LPA) scales much better
than LPAM—the average number of iterations on a network
with tens of millions of edges is 147 and 78 for DPA and LPA,
respectively, while LPAM already exceeds 300 iterations on
networks with tens of thousands of edges. Furthermore, results
also show that DPA scales even better than simple LPA [i.e.,
O(m1.19), as opposed to O(m1.23)]; however, it is outperformed
by LPA because of a larger constant. Nevertheless, the analysis
shows promising results for future analyses of large complex
networks.

In the context of analyzing large networks, it should be
mentioned that by far the fastest convergence is obtained
by using the defensive propagation algorithm DDALPA
(Sec. III B). On the largest of the networks (i.e., live), the
algorithm converges in only 25 iterations (3 times faster than
LPA); still, the modularity of the revealed community structure
is only 0.470.

FIG. 7. (Color online) (Cumulative) distributions of the community sizes for three real-world networks from Table I (for the epinions
network, the results were averaged over 10 runs). Note some particularly large communities revealed by DPA in the case of the google and nber
networks (with around 104 and 106 nodes, respectively). Interestingly, these coincide with the low-conductance [55] communities reported
in [3].
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Last, we have also studied the stability of DPA (and BDPA),
and compared it with simple LPA. The latter is known to
find a large number of distinct community structures in each
network [12,18,23], while Tibély and Kertész [23] have argued
that these structures are relatively different among themselves.
Indeed, on the zachary network LPA revealed 628 different
community structures (in 10 000 iterations), while this number
equals 159 and 124 for BDPA and DPA, respectively. However,
as the number of distinct communities can be misleading,
we have rather directly compared the identified community
structures.

In Table II we show mean pairwise NMI of (distinct)
community structures that were identified by the algorithms
on a selected set of real-world networks. DPA (and BDPA)
appears to be more stable than LPA; moreover, the identified
community structures are relatively similar for all of the algo-
rithms considered (in most networks analyzed). Interestingly,
the results also seem to correlate well with the modularities
shown in Table I—the clearer the community structure of the
network, the more stable the algorithms appear. Nevertheless,
as indicated by various previous authors [18,23], the number
of different community structures can be very high, especially
in larger networks (e.g., 1116 and 1330 for DPA applied to the
football and jazz networks, respectively).

(Cumulative) distributions of sizes of communities, ob-
tained with the proposed algorithms on three real-world
networks, are shown in Fig. 7.

V. CONCLUSION

This paper proposes an advanced label propagation commu-
nity detection algorithm that combines two unique strategies of
community formation. The algorithm analyzes the network in
a hierarchical manner that recursively extracts the core of the
network and identifies whisker communities. The algorithm
employs only local measures for community detection and
does not require the number of communities to be specified
beforehand. The proposition was rigorously analyzed on
benchmark networks with planted partition and on a wide
range of real-world networks, with up to several millions of
nodes and tens of millions of edges. The performance of
the algorithm is comparable to the current state-of-the-art
community detection algorithms; moreover, the algorithm
exhibits almost linear time complexity (in the number of edges
of the network) and scales even better than the basic label
propagation algorithm. The proposal thus gives prominent
grounds for future analysis of large complex networks.

This work also provides further understanding on the
dynamics of label propagation, in particular, on how different
propagation strategies can alter the dynamics of the process
and reveal community structures with unique properties.
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APPENDIX A: CORE-PERIPHERY STRUCTURE

Leskovec et al. [3] have conducted an extensive analysis
of large social and information—and some other—networks.
They have observed that these networks can be clearly divided
into the central core and remaining periphery (i.e., the core-
periphery structure). The periphery is constituted of many
small, well-defined communities (in terms of conductance
[55]) that are only weakly connected to the rest of the
network. When they are connected by a single edge, they
are called whiskers (or 1-whiskers). On the other hand, the
core of the network consists of larger communities that
are well connected, and thus only loosely defined in the
sense of communities. Their analysis has thus shown that
the best communities (according to conductance) reside in
the periphery of these networks (i.e., whiskers) and have a
characteristic size of around 100 nodes. For further discussion,
see [3,56].

APPENDIX B: ALGORITHMS

In this section we give the pseudocode of all the algorithms
proposed in this paper (Figs. 8–10) and discuss some of the
implementation issues.

Because of the nature of label propagation, it may be that
when the algorithm converges, two (disconnected) communi-
ties share the same label. This happens when a node propagates
its label in two direction but is itself relabeled in the later stages
of the algorithm. Nevertheless, disconnected communities can
be detected at the end using a simple breath-first search.

Each run of BDPA or DPA (Figs. 9 and 10) unfolds several
sets of communities and the best are returned at the end

Input: Graph G(N, E) with weights W
Output: Communities C (i.e. node labels)
1: δ ← 0
2: for n ∈ N do
3: cn ← ln {Unique label.}
4: dn ← 0
5: pn ← 1/|N |
6: end for
7: shuffle(N)
8: while not converged do
9: for n ∈ N do

10: cn ← argmaxl

∑
i∈N l(n)

pi(1 − δdi)wni

11: if cn has changed then
12: dn ← (mini∈Ncn (n) di) + 1
13: pn ←

∑
i∈Ncn (n)

pi/kcn
i

14: end if
15: end for
16: δ ← proportion of labels changed
17: if δ ≥ δmax then
18: {δmax is fixed to 1

2
.}

19: δ ← 0
20: end if
21: end while
22: return C

FIG. 8. Defensive label propagation algorithm with (dynamic)
hop attenuation (DDALPA). In the offensive version (ODALPA), the
node preference pi is replaced by 1 − pi (line 10) and the degree k

cn

i

is replaced by ki (line 13).

036103-10



UNFOLDING COMMUNITIES IN LARGE COMPLEX . . . PHYSICAL REVIEW E 83, 036103 (2011)

Input: Graph G(N, E) with weights W
Output: Communities C (i.e. node labels)

C ← DDALPA(G, W )
for c ∈ C do

{Retain community cores.}
mc ←median({pn| n ∈ N ∧ cn = c})
for n ∈ N ∧ cn = c ∧ pn ≤ mc do

cn ← ln {Unique label.}
dn ← 0
pn ← 0 {Maximal preference.}

end for
end for
C ← ODALPA(G, W )
return C {Returns best communities.}

FIG. 9. Basic diffusion and propagation algorithm (BDPA).

(according to some measure of goodness of communities).
For the analysis in Sec. IV, the algorithms reported community
structures that obtained the highest modularity (computed on
the original network). Thus, the results might be attributed to
modularity’s resolution limit problem [57] or other limitations
[58]; still, this is not a direct artifact of the algorithms.

Input: Graph G(N, E) with weights W
Output: Communities C (i.e. node labels)

C ← DDALPA(G, W )
CC ← ODALPA(GC , WC)
if CC contains one community then

C ← BDPA(G, W )
else

{Recursion on core c in CC .}
C ← (CC − {c}) ∪ DPA(GC(c), WC(c))

end if
return C {Returns best communities.}

FIG. 10. Diffusion and propagation algorithm (DPA).

An additional note should be made for the offensive
propagation algorithm ODALPA (Fig. 8). When used on
networks with several thousands of nodes or less, diffusion
values pn should only be updated (line 13) after the first
iteration; otherwise the algorithm might not converge. The
reason is that during the first iteration, communities are still
rather small (because of the size of the network) and thus
all of the nodes lie in the border of the communities. Hence,
updating the diffusion values results in applying propagation
preference to all of the nodes.
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5
Odkrivanje skupin vozlǐsč s

posplošeno izmenjavo oznak

V pričujočem poglavju je vloženo delo z naslovom “Odkrivanje skupin vozlǐsč s

posplošeno izmenjavo oznak” [72] (angl. “Ubiquitousness of link-density and link-

pattern communities in real-world networks”). Delo predstavi različne metode in

tehnike odkrivanja karakterističnih skupin vozlǐsč v omrežjih na osnovi izmenjave

oznak, ki temeljijo na analogiji med različnimi skupinami vozlǐsč ter njihovimi la-

stnostmi. Le-te omogočajo odkrivanje splošneǰsih skupin kot osnovni pristop (t.j.

skupnosti in modulov), pri tem pa ne zahtevajo predhodnega znanja o omrežju

(npr. število ali vrsto skupin). Predlagane posplošitve pristopa so preizkušene na

sintetičnih in realnih omrežjih z znano zgradbo ter primerjane s pristopi v literaturi.

Predstavljeno delo je v razširjeni obliki objavljeno v [72, 73, 139].4

4Privzeta omrežja so dostopna na http://lovro.lpt.fri.uni-lj.si/.
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Abstract. Community structure appears to be an intrinsic property of many complex real-world networks.
However, recent work shows that real-world networks reveal even more sophisticated modules than classical
cohesive (link-density) communities. In particular, networks can also be naturally partitioned according to
similar patterns of connectedness among the nodes, revealing link-pattern communities. We here propose
a propagation based algorithm that can extract both link-density and link-pattern communities, without
any prior knowledge of the true structure. The algorithm was first validated on different classes of synthetic
benchmark networks with community structure, and also on random networks. We have further applied
the algorithm to different social, information, technological and biological networks, where it indeed reveals
meaningful (composites of) link-density and link-pattern communities. The results thus seem to imply that,
similarly as link-density counterparts, link-pattern communities appear ubiquitous in nature and design.

1 Introduction

Complex real-world networks commonly reveal local co-
hesive modules of nodes denoted (link-density) commu-
nities [1]. These are most frequently observed as densely
connected clusters of nodes that are only loosely connected
between. Communities possibly play crucial roles in dif-
ferent real-world systems [2,3]; furthermore, community
structure also has a strong impact on dynamic processes
taking place on networks [4,5]. Thus, communities provide
an insight into not only structural organization but also
functional behavior of various real-world systems [3,6–8].

Consequently, analysis of community structure is
currently considered one of the most prominent areas of
network science [9–11], while it has also been the focus of
recent efforts in a wide variety of other fields. Besides pro-
viding many significant theoretical grounds [8], a substan-
tial number of different community detection algorithms
has also been proposed in the literature [12–20] (for re-
views see [10,11,21]). However, most of the past research
was focused primarily on classical communities charac-
terized by higher density of edges [22]. In contrast to the
latter, some recent work demonstrates that real-world net-
works reveal even more sophisticated communities [23–26]
that are indistinguishable under classical frameworks.

Networks can also be naturally partitioned according
to similar patterns of connectedness among the nodes, re-
vealing link-pattern communities [23,24]. (The term was
formulated by Long et al. [24]). Loosely speaking, link-
pattern communities correspond to clusters of nodes that

a e-mail: lovro.subelj@fri.uni-lj.si

are similarly connected with the rest of the network (i.e.,
share common neighborhoods). Note that link-density
communities are in fact a special case of link-pattern com-
munities (with some fundamental differences discussed
later on). Thus, some of the research on the former
also apply for the latter [13,14,28–30]. However, contrary
to the flourish of the literature on classical communi-
ties in the last decade, a relatively small number of au-
thors have considered more general link-pattern counter-
parts [23–26,31–37] (in the same sense as in this paper1).
Although this could be attributed to a number of fac-
tors like increased complexity or lack of adequate genera-
tive models and algorithms, more importantly, existence of
meaningful link-pattern communities has not been prop-
erly verified under the same framework in various different
types of real-world networks that are commonly analyzed
in the literature (still, some networks have been consid-
ered in the past). In this paper we try to address this is-
sue. (Note that similar stance was also made by Newman
and Leicht [23]).

We extend balanced propagation [38] with defensive
preservation of communities [20] into a general approach
that can extract arbitrary network modules ranging from
link-density to link-pattern communities. To the best of
our knowledge, this is the only such algorithm that does
not require some prior knowledge of the true structure
(e.g., the number of communities), or does not optimize

1 Link-pattern communities are known as blockmodels [27]
in social networks literature. These were rigorously analyzed in
the past, however, the main focus and employed formulation
differs from ours.
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Fig. 1. (Color online) Link-density and link-pattern commu-
nities (i.e., shaded regions) in (a) karate and (b) women so-
cial networks, respectively (Tab. 2). The former represents
social interactions among the members of karate club ob-
served by Zachary [39], while the latter shows social events
(right-hand side) visited by women (left-hand side) in Natchez,
Mississippi [40]. Link-density communities correspond to cohe-
sive modules of nodes, whereas link-pattern communities rep-
resent common patterns of connectedness among the nodes.

some heuristic selected beforehand. We have validated the
proposed algorithm on two classes of synthetic benchmark
networks with community structure, and also on random
networks. The algorithm was further applied to different
social, information, technological and biological networks,
where it reveals meaningful composites of link-density and
link-pattern communities that are well supported by the
network topology. The results thus seem to imply that,
similarly as link-density counterparts, link-pattern com-
munities appear ubiquitous in nature and technology.

The rest of the paper is structured as follows. In Sec-
tion 2 we discuss the relation between link-density and
link-pattern communities in greater detail, and propose a
propagation based algorithm for their detection. Results
on synthetic and real-world networks are presented and
formally discussed in Section 3, while in Section 4 we sum-
marize our main observations and discuss some prominent
directions for future research.

2 Link-density and link-pattern communities

Although classical link-density communities can be con-
sidered under the same framework as link-pattern com-
munities, there exist some significant differences between
the two (Fig. 1). Most obviously, link-pattern commu-
nities do not correspond to cohesive modules of nodes,
whereas, such communities commonly do not even feature
connectedness. Connectedness is considered a fundamen-
tal structural property of link-density communities, and
thus a common ingredient of different objective functions
and community detection algorithms [10].

While link-density communities are often related to
the notions of assortative mixing by degree and ho-
mophily [1,41] (at least in social networks), link-pattern
communities might in fact represent the origin of more
commonly observed disassortative degree mixing [42,43].
As the latter has been analyzed to much lesser extent
than the former [23], direct dependence has not yet been

verified in real-world networks. Nevertheless, disassorta-
tive mixing refers merely to the phenomena that nodes
mainly connect to dissimilar nodes, and thus outside of
their respective (link-pattern) community. However, how
such communities relate between each other, and with the
rest of the network, remains unexplained. (Although net-
work assortativity was most commonly analyzed in the
context of node degree [41,42], we refer to the notion in
general).

Note also that, as nodes of some link-pattern commu-
nity are commonly not directly connected, they exhibit
somewhat higher mutual independence than nodes within
some link-density community. On the contrary, nodes from
neighboring link-pattern communities are somewhat more
dependent than in the case of classical communities.

Due to all above, we strictly distinguish between link-
density and link-pattern communities within the pro-
posed algorithm. However, it ought to be mentioned that
this is rather different from other authors, who have
typically considered all communities under link-pattern
regime [23–26,31–33]. Nevertheless, the latter could be
attributed to the fact that other approaches are mainly
based on previous work in social sciences, statistics or
artificial intelligence, where such setting might be more
adequate.

In Section 2.1 we first introduce a balanced propaga-
tion based algorithm for classical community detection;
while the algorithm is extended for general community
detection in Section 2.2.

2.1 Classical community detection

Let the network be represented by an undirected and un-
weighted multi-graph G(N, E), with N being the set of
nodes of the graph and E being the set of edges. Further-
more, let cn be the community (label) of node n, n ∈ N ,
and N (n) the set of its neighbors.

Algorithms presented below are in fact based on a label
propagation proposed by Raghavan et al. [16]. The label
propagation algorithm (LPA) [16] extracts (link-density)
communities by exploiting the following simple procedure.
At first, each node is labeled with a unique label, cn = ln.
Then, at each iteration, each node adopts the label shared
by most of its neighbors. Hence,

cn = argmax
l

|N l(n)|, (1)

where N l(n) is the set of neighbors of n that share la-
bel l (ties are broken uniformly at random). To prevent
oscillations of labels, node n retains its current label when
it is among most frequent in N (n) [16]. Due to existence
of many intra-community edges, relative to the number
of inter-community edges, nodes in a (link-density) com-
munity form a consensus on some particular label after
a few iterations. Thus, when an equilibrium is reached,
disconnected groups of nodes sharing the same label are
classified into the same community.

Due to extremely fast structural inference of label
propagation, the algorithm exhibits near linear time com-
plexity [16,20] (in the number of edges) and can easily
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scale to networks with millions (or even billions) of nodes
and edges [20,44]. Also, due to its algorithmic simplicity,
it is currently among more commonly adopted algorithms
in the literature. Still, label propagation can be further
improved in various ways [20,38,45–48].

In the following we present two advances of the basic
approach that improve on its robustness and community
detection strength. Both result in a simple incorporation
of node preferences pn [46] into the updating rule of label
propagation as

cn = argmax
l

∑

m∈N l(n)

pm, (2)

(see Eq. (6)). Node preferences adjust the propagation
strength of each respective node, and can thus direct
the propagation process towards more desirable parti-
tions [20,46]. Note that preferences pn can be set to an
arbitrary node statistic (e.g., degree [46]).

To address issues with oscillations of labels in some
networks (e.g., bipartite networks), nodes’ labels are up-
dated in a random order [16] (independently among it-
erations). Although this solves the aforementioned prob-
lem, the introduction of randomness severely hampers the
robustness of the algorithm, and consequently also the
stability of the identified community structure. Different
authors have noted that label propagation reveals a large
number of different community structures even in smaller
networks, while these structures are also relatively differ-
ent among themselves [20,49].

We have previously shown that updating nodes in some
particular order results in higher propagation strength for
nodes that are updated at the beginning, and lower prop-
agation strength for nodes that are updated towards the
end [38]. The order of node updates thus governs the algo-
rithm in a similar manner than corresponding node propa-
gation preferences. Based on the latter, we have proposed
a balanced propagation algorithm [38] that utilizes node
preferences to counteract (i.e., balance) the randomness
introduced by random update orders. In particular, we
introduce the notion of node balancers that are set to the
reverse order in which the nodes are assessed. Thus, lower
and higher propagation strength is assigned to nodes con-
sidered first and last, respectively.

Let nodes N be ordered in some random way, and let
in denote the normalized position of node n in this order,
in ∈ (0, 1]. Hence,

in =
index of node n

|N | . (3)

Node balancers bn can then be modeled with a simple
linear function as bn = in. However, using a logistic curve
allows for some further control over the algorithm. Thus,

bn =
1

1 + exp(−β(in − α))
, (4)

where α and β are parameters of the algorithm. Intu-
itively, we fix α to 0.5, while stability parameter β is set

to 0.25 according to some preliminary experiments [38]
(see below). Note that balancers bn are re-estimated before
each iteration, and are incorporated into the algorithm as
node propagation preferences (see Eq. (6)).

Setting the stability parameter β to 0 yields the ba-
sic label propagation approach, while increasing β signifi-
cantly improves the robustness of the algorithm. However,
computational complexity thus also increases. Hence, bal-
anced propagation improves the stability of the identified
community structure for the sake of higher complexity,
while the trade-off is in fact governed by the parameter
β. Note that community detection strength of the refined
algorithm is also improved in most cases. For a more de-
tailed discussion see [38].

To even further improve the performance of the algo-
rithm we also adopt defensive preservation of communi-
ties [20]. The strategy increases the propagation strength
from the core of each currently forming community, which
results in an immense ability of detecting communities,
even when they are only weakly depicted in the network’s
topology. Laying the pressure from the borders also pre-
vents a single community from occupying a large portion
of the network, which else occurs in, e.g., information net-
works [46]. Thus, the strategy defensively preserves com-
munities and forces the algorithm to more gradually reveal
the final structure. For further discussion see [20,44].

In the algorithm, community cores are estimated by
means of the diffusion over the network. The latter is
modeled by employing a random walker within each com-
munity. Let dn be the probability that a random walker
utilized on community cn visits node n. Then,

dn =
∑

m∈N cn(n)

dm

kcn
m

, (5)

where kcn
m is the intra-community degree of node m. Be-

sides deriving the estimates of cores and borders, the main
objection here is to mimic label propagation within each
community, to estimate the current state of the propa-
gation process, and then to adequately alter its dynamics
(see Eq. (6)). Note that values dn are re-estimated accord-
ing to equation (5) when the corresponding node updates
its label (initially, all dn are set to 1/|N |).

Similarly as above, diffusion values dn are incorporated
into the algorithm as node propagation preferences. Thus,
the updating rule for balanced propagation algorithm with
defensive preservation of communities is

cn = argmax
l

∑

m∈N l(n)

bmdm. (6)

The above is taken as a basis for a general community de-
tection algorithm presented in the following section. Note
that the formulation can be extended to weighted net-
works in a straightforward fashion.

2.2 General community detection

Label propagation algorithm (and its advances) cannot
be directly adopted for detection of link-pattern commu-
nities, as the bare nature of label propagation demands
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cohesive (connected) clusters of nodes (Sect. 2). How-
ever, link-pattern communities can still be seen as cohesive
modules when one considers second order neighborhoods
(i.e., nodes at distance 2). Thus, instead of propagating la-
bels between the neighboring nodes, the labels are rather
propagated through node’s neighbors (i.e., between nodes
at distance 2). For instance, when a group of nodes ex-
hibits similar pattern of connectedness with other nodes,
propagating labels through these latter nodes would in-
deed reveal the respective link-pattern community (simi-
larly as for classical label propagation).

Considering the above, balanced propagation based al-
gorithm presented in Section 2.1 can be extended for link-
pattern communities in a rather ad hoc fashion. Let δl be
a community dependent parameter, δl ∈ [0, 1], such that
δl ≈ 1 and δl ≈ 0 for link-density and link-pattern com-
munities, respectively. Thus, when δl varies from 1 to 0,
communities range from classical link-density communi-
ties to proper link-pattern communities. Balanced propa-
gation in equation (6) can then be simply advanced into
a general community detection algorithm as

cn = argmax
l


δl

∑

m∈N l(n)

bmdm (7)

+ (1 − δl)
∑

m∈N l(s)|s∈N (n)

bm
d′

m

ks


 ,

where similarly as in equation (5), diffusion values d′
n are

estimated using random walks. Hence,

d′
n =

∑

m∈N cn (s)|s∈N (n)

d′
m∑

s∈N (m) kcn
s

. (8)

(Denominators in Eqs. (7), (8) provide that the sums are
proportional to the degree of the node kn). Else, the pro-
posed algorithm is identical as before, and is denoted gen-
eral propagation algorithm (GPA). Note that setting all
δl to 1 yields the classical community detection algorithm
in equation (6).

Due to simplicity, in GPA all δl are fixed to 0.5. Still,
the algorithm can detect either link-density or link-pattern
communities, or different mixtures of both, when they are
clearly depicted in the network’s topology (Sect. 3). How-
ever, the algorithm can also detect communities that are
of neither link-density nor link-pattern type.

As our main intention is to unfold meaningful com-
posites of mainly link-density and link-pattern communi-
ties, we also propose a variant of the algorithm denoted
GPAC. The latter algorithm re-estimates the values δl on
each iteration, in order to reveal clearer community struc-
ture. In particular, we measure the quality of each commu-
nity using the conductance Φ [50], to determine whether
the community better conforms with link-density or link-
pattern regime. (The conductance measures the goodness
of a link-density community, or equivalently, the quality
of the corresponding network cut). As good link-density
communities exhibit low values of conductance, and good

link-pattern communities exhibit high values, after each
iteration of the algorithm (though omitted on first) we set
δl according to

δl = 1 − Φ(l) =
1

kl

∑

n∈N l

kl
n, (9)

where kl is the strength of community l, kl =
∑

n∈N l kn

(initially all δl are set to 0.5). As the strategy adjusts
values of δl with respect to each individual community, the
algorithm more accurately reveals different composites of
link-density and link-pattern communities (Sect. 3).

For networks with clear assortative or disassortative
mixing, values δl can in fact be more accurately estimated
on the level of the entire network (Sect. 3). Hence,

δl =
∑

l

|N l|
|N | (1 − Φ(l)), (10)

while the resulting algorithm is denoted GPAN.
All proposed algorithms have complexity near

O(k|E|), where k is the average degree in the network.

3 Results and discussion

In the following sections we analyze the proposed al-
gorithms on different synthetic and real-world networks
(Sects. 3.1 and 3.2, respectively).

General propagation algorithms (i.e., GPA, GPAC and
GPAN) are compared against two other approaches. As
a representative of classical community detection algo-
rithms, we employ basic label propagation (i.e., LPA).
Next, we also adopt the mixture model with expectation-
maximization [51] proposed by Newman and Leicht [23]
(denoted MMEM). Their algorithm can detect arbitrary
network modules and is currently among state-of-the-
art approaches for detection of link-pattern communi-
ties [23,25]. Still, it demands the number of communities
to be known beforehand. Note that the exact number of
communities (currently) cannot be adequately estimated
in large real-world networks [52]. Due to simplicity, we
limit the number of iterations to 100 for all the algorithms.

The results are assessed in terms of normalized mu-
tual information (NMI) [9], which has become a de facto
standard in community detection literature. Let C be a
partition revealed by the algorithm and let P be the true
partition of the network (corresponding random variables
are C and P , respectively). NMI of C and P is then

NMI =
2I(C, P )

H(C) + H(P )
, (11)

where I(C, P ) is the mutual information of the partitions,
i.e., I(C, P ) = H(C) − H(C|P ), and H(C), H(P ) and
H(C|P ) are standard and conditional entropies. NMI of
identical partitions equals 1, and is 0 for independent ones.
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Fig. 2. (Color online) Mean NMI over 1000 realizations of
synthetic networks with two communities. Error bars showing
standard error of the mean are smaller than the symbol sizes.

3.1 Synthetic networks

The algorithms were first applied to synthetic benchmark
networks with two communities of 32 nodes. Average de-
gree is fixed to 6, while the community structure is con-
trolled by a mixing parameter µ, µ ∈ [0, 1]. When µ equals
0, all edges are (randomly) placed between the nodes of
the same community, and when µ equals 1, all edges are
(randomly) placed between the nodes of different commu-
nities. Thus, when µ varies from 0 to 1, community struc-
ture ranges between link-density and link-pattern regime
(i.e., assortative and disassortative mixing). Note that net-
work structure is completely random for µ = 0.5.

The results appear in Figure 2. As anticipated, classi-
cal community detection algorithm LPA is unable to dis-
tinguish between a network with disassortative mixing and
a completely random network (i.e., µ ≈ 1 and µ ≈ 0.5,
respectively). Moreover, LPA also has the worst perfor-
mance for all community regimes. On the other hand,
mixture model MMEM performs significantly better than
other algorithms, especially in the case of link-pattern
communities (i.e., µ > 0.5). However, we argue that this
is largely due to the fact that the algorithm is given the
true number of communities in advance.

Observe that general propagation algorithms GPA and
GPAN can indeed detect both link-density and link-
pattern communities. However, the algorithm with a
network-wise re-estimation of δl performs slightly better,
except when the structure results in clear link-density
communities (i.e., µ ≤ 0.1). Still, the analysis on real-
world networks in Section 3.2 confirms that GPAN more
accurately reveals different types of communities (includ-
ing link-density).

We further apply the algorithms to a class of bench-
mark networks also adopted in [25]. The latter is in
fact a generalization of the benchmark proposed by [1]
Girvan and Newman for classical community detection.
More precisely, networks comprise four communities of
32 nodes, thus, two communities correspond to classical
link-density modules, while the other two form a bipar-
tite structure of link-pattern communities. The networks
are thus neither assortative nor disassortative (but locally

Fig. 3. (Color online) Mean NMI over 100 realizations of syn-
thetic networks with four communities. Error bars show stan-
dard error of the mean.

assortative or disassortative). Average degree is fixed to
16, while the community structure is again controlled by
a mixing parameter µ, µ ∈ [0, 1]. Lower values correspond
to clearer community structure – when µ = 0.5, one half of
the edges is set according to the designed structure, while
the other are placed at random (on average).

The results in Figure 3 also report the performance of
LPA, although a classical community detection algorithm
is obviously not suited for these networks. However, one
can thus observe that, when community structure is rather
clearly defined (i.e., µ < 0.25), only a small improvement
can be achieved with a general community detection algo-
rithm (on these networks). Therefore, to more accurately
estimate the performance of GPA and GPAC, we increase
the value of parameter β to 4 (Sect. 2.1). This further
stabilizes the community structure identified by the algo-
rithms, however, the computational time thus increases.

Mixture model MMEM performs significantly better
than other algorithms, which could be attributed to a
known number of communities as above. Otherwise, gen-
eral propagation algorithms GPA and GPAC both detect
link-density and link-pattern communities within these
networks, however, only until communities are clearly de-
picted in the networks’ topologies (i.e., µ < 0.25). When
µ further increases, the algorithm with a cluster-wise re-
estimation of δl still manages to reveal (link-density) com-
munities to some extent, whereas, GPA already fails.

Considering also the results reported in [25], image
graph approach of Pinkert et al. [25] performs even slightly
better than MMEM, while the model selection of Rosvall
and Bergstrom [14] is a bit worse than GPAC. Thus, we
conclude that general propagation algorithms can indeed
reveal link-density and link-pattern communities under
the same framework, still, the accuracy on these net-
works is worse with respect to some other state-of-the-
art approaches. However, all these approaches demand the
number of communities to be given apriori, thus, the algo-
rithms are actually not fully comparable. Moreover, anal-
ysis on real-world networks in Section 3.2 reveals that,
when the number of communities increases, the above ad-
vantage is in fact rendered useless.
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Table 1. Mean NMI over 10 000 and 1000 runs for karate, women and football, corporate networks, respectively.

Network Communities LPA GPA GPAN GPAC MMEM

Karate 2 0 .6501 0.6992 0.7625 0.7547 0.7806
Football 12 0 .8908 0.8464 0.8570 0.8493 0.8069

Women 4 – 0.7663 0.7680 0.7675 0.8337
Corporate 8 (9) – 0.6680 0.6735 0.6651 0.5995

Note that the above benchmark networks represent a
relatively poor description of real-world network struc-
ture (see Sect. 2). However, construction of networks with
both assortative and disassortative mixing is not straight-
forward, as one inevitably has to define how link-pattern
communities connect with the rest of the network. Still,
generalization of hierarchical network model [6,53] ap-
pears as the most prominent formulation of different com-
munity regimes. Here, probabilities assigned to nodes of
a predefined hierarchy of communities dictate the connec-
tions between the nodes in the network. High probabilities
at the bottom level of the hierarchy yield classical cohesive
modules, whereas link-pattern communities are character-
ized by higher probabilities at one level above.

To further validate the proposition, we have also ap-
plied the propagation algorithms to a random graph à la
Erdös-Rényi [54] that (presumably) has no community
structure. The number of nodes is fixed to 256, while
we vary the average degree k between 2 and 64. When
k exceeds a certain threshold, all algorithms reveal only
trivial communities (i.e., connected components of the
network). The transition occurs at k ≈ 8, k ≈ 10 and
k ≈ 12 for LPA, GPA and GPAC, and GPAN, respec-
tively. Hence, community structures revealed by general
propagation algorithms are beyond simple random con-
figurations, while the algorithms are also not attributed
to resolution limit [55] issues (i.e., existence of an intrinsic
scale, below which communities are no longer recognized).

3.2 Real-world networks

The proposed algorithms were further applied to ten real-
world networks with community structure (Tab. 2). All
these networks are commonly analyzed in the community
detection literature and include different social, techno-
logical, information and biological networks (detailed de-
scription is omitted). Due to simplicity, all networks are
treated as unweighted and undirected. Furthermore, cor-
porate, jung and javax networks are reduced to largest
connected components and treated as simple graphs.

We first consider four well known social networks,
namely, karate, football, women and corporate networks.
The former two represent classical benchmarks for link-
density community detection, as they reveal clear assor-
tative mixing (Fig. 1a). On the other hand, the latter two
are in fact bipartite networks, thus, the respective net-
work communities can be considered of pure link-pattern
type (Fig. 1b). However, the networks are not properly
disassortative, due to different types of nodes.

Table 2. Real-world networks with community structure.

Network Description Nodes Edges

Karate Zachary’s karate club [39] 34 78
Football Amer. football league [1] 115 616

Women Davis’s south. women [40] 18, 14 89
Corporate Scottish corporates [56] 131, 86 348

Jung JUNG graph library [57] 305 710
Javax Java library (javax) [57] 705 3313

Amazon Amazon web graph1 2879 5037

Protein S. cerevisiae proteins [3] 2445 6265

Gnutella Gnutella peer-to-peer [58] 62 586 147 892

Condmatt Cond. Matt. archive [59] 36 458 171 736

1Stanford WebBase project, http://diglib.stanford.edu:

8091/~testbed/doc2/WebBase/.

All these networks have known sociological partitions
into communities that result from earlier studies, while
partition of corporate network is limited to only 86 cor-
porate nodes. Comparison between community structures
extracted by different algorithms and known network
structures can be seen in Table 1. The number of commu-
nities in MMEM algorithm is set to the true value for all
networks except corporate, where we set it to nine (Tab. 1).

Although the mixture model MMEM performs better
than general propagation algorithms on synthetic bench-
mark networks (Sect. 3.1), the latter appears to be depen-
dent on the number of communities. When the number of
communities, and thus the size of the network, is relatively
small (i.e., karate and women networks), the MMEM most
accurately reveals the true network structure. However,
when the number of communities increases (i.e., football
and corporate networks), all propagation algorithms sig-
nificantly outperform MMEM. The latter can be related
to previously discussed weakness of MMEM.

Note that somewhat lower performance of propagation
algorithms on karate and women networks is actually due
to the fact that the algorithms reveal three communities
in these networks, which does not coincide with the soci-
ological partitioning of the nodes. In particular, the algo-
rithms extract a small module from the larger community
in karate network (Fig. 1a), and merge the two commu-
nities representing events in women network (Fig. 1b).
However, similarly as in the case of sociological commu-
nities, both these structures are well supported by the
networks’ topologies and thus commonly reported by com-
munity detection algorithms in the literature. Considering
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Fig. 4. (Color online) Community structures of (a) jung and (b) javax technological networks revealed with GPAC. Node sizes
are proportional to the community sizes, while the symbols (colors) correspond to the values of δl (Eq. (9)).

the partition of women network with three communi-
ties, GPA, GPAN and GPAC reveal structures with NMI
equal to 0.8769, 0.8809 and 0.8799, respectively, while
MMEM obtains only 0.8027 (on average).

General propagation algorithms with re-estimation of
δl, i.e., GPAC and GPAN, mostly outperform the basic
GPA. As the algorithms adopt to either assortative or dis-
assortative mixing regime in each network, they manage
to extract the true communities more accurately. Observe
also that network-wise re-estimation is somewhat more ad-
equate for these networks than a cluster-wise version, due
to a clear mixing regime. However, for networks with both
types of mixing, GPAC should obviously be employed.

We conclude that general propagation can reveal link-
density and link-pattern communities in real-world net-
works. Thus, exactly the same algorithm is suitable for
classical community detection in unipartite networks and
link-pattern community detection in multi-partite net-
works. With respect to high values of NMI in Table 1
(except for corporate network), the proposed algorithms
can also be considered as relatively accurate.

As the above social networks are particularly homoge-
neous, they reveal either assortative or disassortative mix-
ing. However, social networks could indeed comprise both
regimes, still, such networks would have to be heteroge-
neous by nature (i.e., convey different types of relations
between individuals). In fact, heterogeneity seems to be a
necessary condition for a network to reveal different com-
posites of link-density and link-pattern communities. In
the following we analyze four of the remaining networks
in Table 2 that are all heterogeneous by nature.

Our main intention in the following is to reveal
meaningful composites of not only link-density but also
link-pattern communities, and thus imply that such
structures could appear ubiquitous in various complex
networks. Therefore, we apply GPAC to each network
10 times, and report the structure with the highest frac-
tion of nodes within link-pattern communities. It should
be noted that community structures of these networks
should not be considered identified, as networks possi-
bly reveal a large number of different structures that are
all significant and well supported by their topologies [53]
(e.g., communities exist on different scales). Note that
multiple structures could also imply that no clear one ex-
ists (e.g., overlapping communities [3]). However, general

propagation algorithms find no communities in random
networks (Sect. 3.1), thus, all revealed structures are at
least beyond random.

First, we analyze two technological networks, namely,
jung and javax networks (Tab. 2). These are class de-
pendency networks, where nodes correspond to software
classes and edges represent different types of dependen-
cies among them (e.g., inheritance, parameters, variables
etc.). The networks are thus obviously heterogeneous and
should comprise different types of communities [57].

Revealed community structures are shown in Figure 4.
Observe that networks convey both clear link-density
and link-pattern communities, whereas, the latter are
further combined in rather complex configurations (i.e.,
shaded regions in Fig. 4). In particular, besides simple bi-
partite structures and isolated link-pattern communities,
networks also reveal connected clusters of multiple link-
pattern communities. Note that, although link-pattern
communities are mainly connected between themselves,
they can also be strongly connected with else cohesive
modules of nodes. Moreover, both link-density and link-
patter communities can reside in either network interior
or periphery.

We next analyze the main communities in greater de-
tail (Tab. 3). The core, i.e., major link-density community,
of jung network (Fig. 4a) consists of only visualization
classes, while these are else almost inexistent in other com-
munities. As one could anticipate, the community is highly
cohesive and independent from the rest of the network.
Two link-pattern communities on the right-hand side con-
tain utility classes for GraphML format; while the upper
community mainly contains different parsers, the lower
mostly consists of meta-data classes, used by the former.
Thus, the number of inter-community edges is obviously
high. Central configuration of five link-pattern communi-
ties also contains well defined modules with particularly
clear functional roles. More precisely, communities con-
tain basic graph classes, interfaces for various algorithms,
their implementations, different layout classes and filters,
respectively. The strength of connections among the com-
munities further supports this functional differentiation
(e.g., implementations of different algorithms are strongly
dependent on various interfaces and graph classes).

Similarly clear communities are also revealed in javax
network (Fig. 4b). The core of the network consists of
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Table 3. Analysis of community structures revealed in technological networks (Fig. 4). ‘core’ denotes the largest link-density
community, while ‘k-configuration’-s represent shaded regions in Figure 4 (k is the number of link-pattern communities).

Network Community l |N l| δl Description

Jung

Core 65 0.86 [jung.visualization.] *(Server|Viewer|Pane|Model|Context) (9); cont-
rol.* (4); control.*Control (5); layout.* (7); picking.*State (3); pick-
ing.*Support (6); renderers.*Renderer (13); renderers.*Support (3); etc.

5-conf. (upper left) 3 0.00 [jung.algorithms.filters.] *Filter (3).

5-conf. (upper right) 21 0.33 [jung.graph.] *(Graph|Multigraph|Tree) (18); etc.

5-conf. (central) 28 0.07 [jung.] algorithms.generators.*Generator (2); algorithms.importance.
* (4); algorithms.layout.*Layout* (3); algorithms.scoring.*Scorer (2);
algorithms.shortestpath.* (2); graph.*(Graph|Tree|Forest) (4); etc.
(interfaces)

5-conf. (lower left) 13 0.00 [jung.algorithms.] layout.*Layout* (7); layout3d.*Layout (3); etc.

5-conf. (lower right) 44 0.03 [jung.] algorithms.cluster.*Clusterer* (4); algorithms.generators.
random.*Generator (5); algorithms.importance.*Betweenness* (3); alg-
orithms.metrics.* (3); algorithms.scoring.** (5); algorithms.short-
estpath.* (5); graph.util.* (7); etc. (implementations)

2-conf. (upper) 13 0.03 [jung.io.graphml.] parser.*Parser (10); etc.

2-conf. (lower) 13 0.38 [jung.io.graphml.] *Metadata (8); etc.

1-conf. (central) 2 0.00 [jung.visualization.control.] *Plugin (2).

Javax

Core 179 0.64 [javax.swing.] plaf.*UI (24); plaf.basic.Basic*UI (42); plaf.metal.Me-
tal*UI (22); plaf.multi.Multi*UI (30); plaf.synth.Synth*UI (40); etc.

3-conf. (upper) 193 0.15 [javax.] accessibility.Accessible* (10); swing.J* (41); swing.**(Bor-
der|Borders|Box|Button|Dialog|Divider|Editor|Factory|Filter|Icon

|Kit|LookAndFeel|Listener|Model|Pane|Panel|Popup|Renderer|UIRes-

ource|View) (92); etc.

3-conf. (left) 113 0.11 [javax.] accessibility.Accessible* (6); swing.* (34); swing.event.*Ev-
ent (8); swing.event.*Listener (13); swing.plaf.*UI (6); etc.

3-conf. (lower) 44 0.19 [javax.swing.] text.*View (15); text.html.*View (16); etc.

look-and-feel classes for different GUI components. Note
that the majority of classes differ only in a small part of
their name, which indicates the respective GUI component
and look-and-feel implementation. In contrast to before,
the community is not highly cohesive, as these classes are
extensively used by, e.g., various GUI components. The
latter in fact appear within the largest link-pattern com-
munity, which is thus strongly dependent on the former.
Note also that the latter link-pattern community consists
of almost all GUI components of Java, although they re-
side in various packages and their names (i.e., functions)
differ substantially. For more details on community struc-
tures of both technological networks see Table 3.

Despite mostly qualitative analysis, general propa-
gation algorithms indeed reveal significant community
structures within these technological networks, while the
communities can also be related to particularly clear func-
tional roles. Obviously, the latter could not be detected
under the classical framework of merely cohesive mod-
ules. Note also that the proposed algorithms do not only
partition the underlying software systems, as in the case
of classical community detection, but also reveal impor-
tant dependencies among different subsystems that would
otherwise remain concealed. It ought to be mentioned

that we have previously conjectured the existence of other
modules besides classical communities in software net-
works [57].

Next, we analyze the community structure of ama-
zon information network that represents a small sample of
Amazon web graph (Tab. 2). The revealed network struc-
ture can be seen in Figure 5. Due to the size of the net-
work and the nature of the domain, an exact analysis of
extracted communities could not be conducted. Still, in
the following, we discuss the main properties and high-
light some interesting observations.

A large number of nodes is classified into dense core of
the network (1381 nodes), however, the algorithm also re-
veals five well defined communities in the periphery (with
300 nodes on average). Thus, as one could anticipate, the
extracted partition rather accurately coincides with the
core-periphery structure [7] that is commonly found in in-
formation networks [7,60]. For reference, value of δl for the
core equals 0.86, and is 0 for the only link-pattern commu-
nity. Communities in periphery exhibit 0.86 on average.

We have analyzed the link-pattern community in
greater detail and observed that the majority of its nodes
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Fig. 5. (Color online) Community structure of amazon infor-
mation network revealed with GPAC. Edge directions were not
considered by the algorithm.

correspond to web pages on musical instruments2 sold on
Amazon. In particular, 231 of 288 nodes represent web
pages on various instruments, while each page corresponds
to a different brand (e.g., Yamaha). What makes the com-
munity particularly significant is the fact that only one of
other 2591 nodes in the network also represents a web page
on musical instruments (the latter is the node connected
to all nodes in the respective community). Hence, the algo-
rithm manages to extract a meaningful link-pattern com-
munity from the core of the network, while the community
is not only exhaustive but also rather clear.

Observe that link-density communities generally more
strongly connect towards the core of the network, whereas,
in the case of link-pattern community, the connection is
significantly stronger in the direction from the core. As
the network was treated as undirected, the latter can-
not be considered as an artifact of the algorithm. The
revealed pattern could in this context imply that nodes in
link-pattern communities provide important content (i.e.,
authority nodes [61]), while hub nodes [61] reside mainly
in link-destiny communities. Again, the occurrence of dif-
ferent types of communities can be related to a form of
network heterogeneity (i.e., edge directions).

For a complete analysis, we also apply the algorithm
to an example of a biological network (that is also het-
erogeneous by definition). In particular, we analyze pro-
tein network that represents protein-protein interactions
of yeast Saccharomyces cerevisiae (Tab. 2). The revealed
community structure appears in Figure 6, while detailed
description of communities is omitted. Observe that the
algorithm reveals a large number of clear link-density and
link-pattern communities of various sizes (171 communi-
ties of 2 to 127 nodes), while both exist in the interior and
the periphery of the network. Different types of commu-
nities are combined in complex configurations (shaded re-
gions in Fig. 6), which, as in the examples above, suggests
that link-pattern communities, similarly as link-density
counterparts, are ubiquitous in real-world networks.

Last, we also analyze community structures revealed
with GPAC in two remaining networks in Table 2. More
precisely, we consider gnutella information network of
peer-to-peer communications within Gnutella file sharing,

2 This can be determined by the occurrence of ‘11091801’
within the URL of the respective web page.

Fig. 6. (Color online) Community structure of protein biolog-
ical network revealed with GPAC.

Fig. 7. (Color online) Cumulative size distributions of com-
munity structures revealed with GPAC in gnutella information
and condmatt social networks.

and condmatt social network representing scientific author
collaborations extracted from Condensed Matter archive.
While the former can be characterized by a unique dis-
sassortative behavior, the latter is in fact a prominent
example of assortative mixing, and thus classical commu-
nity structure. Indeed, more than 92 percent of the nodes
in gnutella network are classified into 2670 link-pattern
communities, while, on the contrary, almost 85 percent
of the nodes in condmatt network reside in 2100 classical
link-density modules (δl equals 0.30 and 0.64 on average,
respectively). Figure 7 shows also cumulative community
size distributions for both networks. Although distribu-
tion for condmatt network appears to be power-law for the
most part, as commonly observed in classical community
detection [3,22], the latter does not hold for gnutella net-
work. In particular, communities most distinctively exists
on two scales with tens and hundreds of nodes, which pro-
vides some evidence that link-pattern communities might
reflect in disassortative mixing by degree (Sect. 2).

4 Conclusions

The paper proposes a balanced propagation based algo-
rithm for detection of arbitrary network modules, rang-
ing from classical cohesive (link-density) communities to
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more general link-pattern communities. The proposed
algorithm was first validated on synthetic benchmark net-
works with community structure, and also on random net-
works. It was then further applied to different social, tech-
nological, information and biological networks, where it
indeed reveals significant (composites of) link-density and
link-pattern communities. In the case of larger real-world
networks, the proposed algorithm more accurately detects
the true communities than a state-of-the-art algorithm,
while, in contrast to other approaches proposed in the lit-
erature, it does not require some prior knowledge of the
true network structure. The latter is in fact crucial for the
analysis of large real-world networks [52].

Heterogeneity appears to be a necessary condition for
the network to reveal both link-density and link-pattern
communities. However, although often not apparent at
first sight, most real-world networks are in fact hetero-
geneous by nature. Qualitative results on real-world net-
works further imply that link-pattern communities, sim-
ilarly as link-density counterparts, appear ubiquitous in
nature and technology. Moreover, link-pattern communi-
ties are also commonly combined with classical modules
into complex configurations, thus, different types of com-
munities should not be analyzed independently. A genera-
tive model or measure for a general community structure
of real-world networks would be of great benefit. It ought
to be mentioned that the existence of link-pattern commu-
nities in real-world networks has implications in numerous
other fields of network science (e.g., dynamic processes).

The analysis in the paper does not directly imply which
common properties of real-world networks one can expect
under link-density or link-pattern regime. However, fur-
ther work demonstrates that most significant link-pattern
communities are revealed in regions with low values of
clustering coefficients [62,63], while just the opposite holds
for classical modules. Furthermore, link-pattern communi-
ties may be the origin of degree disassortativity observed
in various real-world networks [42,43], while they also com-
monly contradict the small-world phenomena [62]. Hence,
different network properties seem to be governed by the
same underlying principle [8], which represents a promi-
nent direction for future research.

This work has been supported by the Slovene Research Agency
ARRS within Research Program No. P2-0359.
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13. R. Guimerà, L.A.N. Amaral, Nature 433, 895 (2005)
14. M. Rosvall, C.T. Bergstrom, Proc. Natl. Acad. Sci. USA

104, 7327 (2007)
15. S. Son, H. Jeong, J.D. Noh, Eur. Phys. J. B 50, 431 (2006)
16. U.N. Raghavan, R. Albert, S. Kumara, Phys. Rev. E 76,

036106 (2007)
17. G. Agarwal, D. Kempe, Eur. Phys. J. B 66, 409 (2008)
18. T.S. Evans, R. Lambiotte, Eur. Phys. J. B 77, 265 (2010)
19. J. Liu, Eur. Phys. J. B 77, 547 (2010)
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6
Analiza in uporaba skupin v

programskih omrežjih

V pričujočem poglavju je vloženo delo z naslovom “Analiza in uporaba skupin v pro-

gramskih omrežjih” [117] (angl. “Community structure of complex software systems:

Analysis and applications”). Delo predstavi rezultate analize karakterističnih skupin

vozlǐsč v omrežjih odvisnosti med razredi objektno-usmerjenega programja. Rezul-

tati kažejo, da programska omrežja vsebujejo izrazite skupine vozlǐsč, dočim le-te

(delno) sovpadajo s paketi pripadajočih programskih knjižnic. Na podlagi dognanj

analize so predlagani tudi različni primeri uporabe v programskem inženirstvu.

Predstavljeno delo je v razširjeni obliki objavljeno v [72, 73, 117, 120, 139].5

5Privzeta programska omrežja so dostopna na http://lovro.lpt.fri.uni-lj.si/.

71

http://lovro.lpt.fri.uni-lj.si/


Physica A 390 (2011) 2968–2975

Contents lists available at ScienceDirect

Physica A

journal homepage: www.elsevier.com/locate/physa

Community structure of complex software systems: Analysis
and applications

Lovro Šubelj ∗, Marko Bajec
Faculty of Computer and Information Science, University of Ljubljana, Ljubljana, Slovenia

a r t i c l e i n f o

Article history:
Received 10 August 2010
Received in revised form 1 November 2010
Available online 12 April 2011

Keywords:
Community structure
Complex networks
Software systems

a b s t r a c t

Due to notable discoveries in the fast evolving field of complex networks, recent research
in software engineering has also focused on representing software systemswith networks.
Previous work has observed that these networks follow scale-free degree distributions
and reveal small-world phenomena, while we here explore another property commonly
found in different complex networks, i.e. community structure.We adopt class dependency
networks, where nodes represent software classes and edges represent dependencies
among them, and show that these networks reveal a significant community structure,
characterized by similar properties as observed in other complex networks. However,
although intuitive and anticipated by different phenomena, identified communities do
not exactly correspond to software packages. We empirically confirm our observations
on several networks constructed from Java and various third party libraries, and propose
different applications of community detection to software engineering.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Analysis of complex real-world networks has led to some significant discoveries in recent years. The research community
has revealed several commonproperties of different real-world networks [1–3], including various social, biological, Internet,
software and other networks. These properties provide an important insight into the function and structure of general
complex networks [4,5]. Moreover, they allow for better comprehension of the underlying real-world systems and thus
give prominent grounds for future research in a wide variety of different fields.

In the field of software engineering, network analysis has just recently been adopted to acquire better comprehension of
the complex software systems [6–10]. Nowadays, software represents one of the most diverse and sophisticated human
made systems; however, only little is known about the actual structure and quantitative properties of (large) software
systems. Cai and Yin [9] have denoted this dilemma as the software law problem, which represents an effort towards
identifying and formulating physics-like laws, obeyed by (most) software systems, that could later be applied in practice.
However, the main objective of the software law problem is to investigate what software looks like.

In the context of employing complex networks analysis, the research community has already made several discoveries
over the past years. In particular, different authors have observed that networks, constructed from various software systems,
follow scale-free [2] (i.e. power-law) degree distributions and reveal small-world [1] phenomena [11,6].Weproceed thiswork
by exploring another property commonly found in other real-world networks, i.e. community structure [3]. The term denotes
the occurrence of local structuralmodules (communities) that are groups of nodes densely connectedwithin and only loosely
connected with the rest of the network. Communities play crucial roles in many real-world systems [12,5], however, the

∗ Corresponding author.
E-mail address: lovro.subelj@fri.uni-lj.si (L. Šubelj).

0378-4371/$ – see front matter© 2011 Elsevier B.V. All rights reserved.
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community structure of complex software system networks has not yet been thoroughly investigated. For a comprehensive
survey on network community structure see Refs. [13,14].

Themain contributions of our work are as follows. We adopt class dependency networks, where nodes represent software
classes and edges represent dependencies among them, and show that these networks reveal a significant community
structure, with similar properties as observed for other complex networks. We also note that a network, representing a
core software library, exhibits less significant community structure. Furthermore, we prove that, although intuitive and
anticipated by different phenomena, revealed communities do not (completely) correspond to software packages. Thus, we
demonstrate how community detection can be employed to obtain highly modular software packages that still relate to the
original packages.

The rest of the article is structured as follows. First, in Section 2, we briefly present relevant related work and emphasize
the novelty of our research. Next, Section 3 introduces employed class dependency networks. In Section 4 we present
an empirical evaluation of the community structure of class dependency networks, and propose possible applications to
software engineering. Finally, in Section 5, we give final conclusions and identify areas of further research.

2. Related work

Although software systems have already been investigated over the last 30 years [15], the research community has only
recently begun to employ network analysis to gain better comprehension of complex software [6–8,16,9,10,17]. As men-
tioned above, different authors have observed that networks, constructed from software systems, follow scale-free degree
distributions [11,6,18,19] and exhibit small-world properties [6,20,21]. Software networks thus reveal common behavior,
similar to that observed in other complex networks [4,3]. Furthermore, authors have also identified several different phe-
nomena (e.g. software optimization and tinkering) that might govern such complex behavior [11,22,23,21,24], when the
analysis of clustering [1] has also revealed a hierarchical structure in software networks [6].

On the other hand, the community structure of software networks has not yet been thoroughly investigated. Several
authors have already discussed the notion of communities in the context of software systems [6,22,25,21,26,16], however,
no general empirical analysis and formal discussion was ever conducted (to the best of our knowledge). Still, authors
have observed different phenomena that could promote the emergence of community structure in software networks
[25,16], and have discussed possible applications within software engineering and other sciences [6,16]. Otherwise, several
models (processes) of network evolution have already been proposed to explain the emergence of local structural modules
in different networks. These include increase of stability [27], network fluctuations [28], goal variation [29], opinion
formation [30], constraint optimization [31] and others [32]. However, the origin of community structure in software
networks remains unclear.

In a wider context of software network analysis, authors have discovered reoccurring motifs (i.e. small subgraphs) in
software networks [8], similar to those found in genetic and neural networks. In Ref. [7] a network model is presented,
which explains observed asymmetries in degree distributions of software networks (see, e.g., Ref. [6]). Furthermore, different
random-walk based measures have been proposed to measure key (i.e. most influential) software classes and packages
[33,10]. The researchers have also investigated connectedness, robustness andpatternswithin software networks [6,26]. Just
recently software systems were also treated as evolving complex networks [9]. For a more general discussion on software
networks see Ref. [34].

3. Class dependency networks

Previous research on the analysis of software systems has employed a variety of different types of software networks
(i.e. graphs). In particular, package, class and method collaboration graphs [6,18], subrutine call graphs [6], software
architecture [26] and software mirror graphs [9], software architecture maps [11], inter-package dependency networks [20] and
many others [6,21,36]. The networks primarily dividewhether they are constructed from source code, byte code or software
execution traces, and due to the level of software architecture they represent. However, as discussed in Section 2, most of
these networks share some common characteristics.

For the purpose of this research we introduce class dependency networks (Fig. 1). Here an object-oriented software is
represented by an undirected multi-graph G(N, E), where N is the set of nodes and E is the set of edges. Graph G is
constructed from software source code in the followingmanner. Each software class c is represented by a node nc ∈ N , when
edge {nc1 , nc2} ∈ E represents a dependency between classes c1 and c2. Dependencies are of four types, namely, inheritance
(class c2 inherits or implements class c1), field (c2 contains a field of type c1), parameter (c2 contains amethod that takes type
c1 as a parameter) and return (c1 contains a method that returns type c2).

Note that class dependency networks are constructed merely from the header information of the classes, and their
methods and fields. As this information is commonly determined by a group of developers, prior to the actual software
development, it is less influenced by the subjective nature of each particular developer. Hence, the networks more
adequately represent the (intended) structure of some particular software, still, some relevant information might thus be
discarded.

An example of class dependency network is shown in Fig. 1. The network reveals rather strong community structure,
furthermore, the communities also roughly coincide with the actual software packages. However, as will be shown in
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Fig. 1. Class dependency network for JUNG graph and network framework [35]. Node symbols (colors) indicate four high-level packages of the framework
— visualization (green circles), algorithms (red triangles), graph (orange diamonds) and io (blue squares). The network reveals a rather clear
community structure that roughly coincides with the software packages.

Table 1
Class dependency networks for different software systems (|P| is the number of packages).

Network Description |N| |E| |P|

junit JUnit 4.8.1 (testing framework). [37] 128 470 22
jmail JavaMail 1.4.3 (mail and messaging framework). [38] 220 893 14
flamingo Flamingo 4.1 (GUI component suite). [39] 251 846 16
jung JUNG 2.0.1 (graph and network framework). [35] 422 1730 39
colt Colt 1.2.0 (scientific computing library). [40] 520 3691 19
org Java 1.6.0 (org namespace). [41] 716 7895 47
javax Java 1.6.0 (javax namespace). [41] 2581 22370 110
java Java 1.6.0 (java namespace). [41] 2378 34858 54

Section 4, modularity of the natural communities, depicted in the network’s topology, is much larger than that of the
packages, determined by the developers.

4. Empirical analysis and applications

In the proceeding sections we present and discuss results of the empirical evaluation of community structure of class
dependency networks (Section 4.1), address the relation between communities and software packages (Section 4.2) and
propose possible applications of community detection to software engineering (Section 4.3).

The empirical evaluation is done using 8 class dependency networks constructed1 from Java and several third party
libraries (Table 1). The networks range from those with hundreds of nodes to those with several tens of thousands of edges
(all isolated nodes have been discarded). Due to generality, networks were selected thus they represent a relatively diverse
set of software systems.

To reveal the community structure of each network we employ three community detection algorithms. In particular, a
divisive algorithm based on edge betweenness [3], a greedy agglomerative optimization of modularity (see below) [42,43]
and a fast partitional algorithm based on label propagation [44]. The algorithms are denoted EB, MO and LP respectively,
whereas, the detailed description is omitted. It should be noted that our objective is not to compare the algorithms, but
rather to compare the revealed communities, and thus address their stability.

The community structure, identified by the algorithms, is assessed usingmodularity Q [45] thatmeasures the significance
of communities due to a selected null model. Let li be the community (label) of node ni ∈ N and let Aij denote the number of
edges incident to nodes ni, nj ∈ N . Furthermore, let Pij be the expected number of incident edges for ni, nj in the null model.
The modularity then reads

Q =
1
2m

−
ni,nj∈N

(Aij − Pij) δ(li, lj), (1)

1 Networks were constructed by parsing JAR archives provided by the developers. However, due to various issues, some of the software classes could
have been discarded.
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Fig. 2. Cumulative distribution functions of community sizes for jung, javax and java networks. The distributions revealed by LP algorithm (roughly) follow
power-lawswith the exponents α shown (i.e. P(s) ∼ s−α , where s is the community size); however, the distributions of package sizes are not characterized
by power-laws (e.g. log-normal distributions).

where m is the number of edges, m = |E|, and δ is the Kronecker delta. The modularity thus measures the fraction
of the difference between the number of intra-community edges and the expected number of edges in the null model
(Q ∈ [−1, 1]). Higher values represent stronger community structure. Commonly a random graph with the same degree
distribution as the original is selected for the null model. Hence, Pij =

kikj
2m , where ki is the degree of node ni ∈ N .

Despite beingwidely adopted for the analysis of network community structure in the past, themeasure ofmodularity has
a number of known weaknesses. Fortunato and Barthélemy [46] have shown that modularity is myopic to clearly defined
communities (e.g. cliques) that are smaller than a certain threshold (i.e. resolution limit [46]). The analysis of Leskovec
et al. [47] also confirms that modularity favors larger communities. Furthermore, Good et al. [48] have analyzed community
structures with high values of modularity. Their results show that there is a great degeneracy among these structures,
without a clear peak around an optimal solution (i.e. degeneracy problem [48]). Moreover, there is commonly an exponential
number of community structures with high modularity, whereas, they can exhibit great structural differences.

Considering the above discussion, it is not surprising thatmodularitymaximization algorithms performpoorly compared
to other algorithms [49]. However, modularity is still commonly used for the evaluation of network community structure,
mainly due to the lack of other measures.

The identified community structure is also compared to the actual software packages. Let L be the partition (i.e. com-
munities) revealed by some algorithm and let P be the partition that represents software packages (corresponding random
variables are L and P respectively). We compare the partitions by computing their normalized mutual information NMI [50]
(NMI ∈ [0, 1]). Hence,

NMI =
2I(L, P)

H(L) + H(P)
, (2)

where I(L, P) is the mutual information of the partitions, I(L, P) = H(L) − H(L|P), and H(L), H(P) and H(L|P) are standard
and conditional entropies. NMI of identical partitions equals 1, and is 0 for independent partitions.

4.1. Community structure of class dependency networks

Mean modularities obtained with three community detection algorithms for the selected set of class dependency
networks (Section 4) can be seen in Table 2. For all networks except java, the algorithms havemanaged to reveal community
structures with particularly high values of modularity, i.e. between 0.55 and 0.75 on average, where values above 0.30 are
commonly regarded as an indication of (significant) community structure [44,51–53]. The networks thus reveal a much
stronger community structure than expected in a random network with the same degree distribution. Note also that all
of the algorithms obtain high modularities for all of the networks considered. This indicates rather stable communities,
strongly depicted in the networks’ topologies.

In the case of java network, observe that the average degree is considerably larger than for other networks (Table 1).
Hence, the network is extremely dense and the communities are thus only loosely defined. Consequently, the algorithms fail
to attain any significant community structure; however, as the network represents the core of Java programming language,
it is expected to convey a less modular structure.

In Fig. 2 we show the (cumulative) distributions of community sizes obtained with the LP algorithm for jung, javax and
java networks. Interestingly, the distributions (roughly) follow power-laws with the exponents α around 2 (i.e. P(s) ∼ s−α ,
where s is the community size). Scale-free distribution of community sizes is a common property, observed in various other
complex networks [42,5]. Furthermore, the values of α also coincide with values found for other networks, where authors
commonly report α between 1 and 3 [43,42,54,5].
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Table 2
Mean modularities Q obtained for class dependency networks of different software systems. Values were
computed from 100 iterations (10 iterations for EB algorithm), where missing values could not be recovered
due to limited time resources. Modularities of the natural community structures, depicted in the networks’
topologies (i.e. extracted by the algorithms), are much larger than those of the actual software packages.

Network EB MO LP P+ P

junit 0.5587 0.5759 0.5542 0.1140 0.0893
jmail 0.5607 0.5972 0.5401 0.2350 0.2086
flamingo 0.6466 0.6823 0.6485 0.2870 0.2511
jung 0.7210 0.7324 0.6874 0.3279 0.3212
colt – 0.6025 0.5599 −0.0158 −0.0332
org – 0.5599 0.5254 0.1847 0.1830
javax – 0.7667 0.7422 0.3119 0.2907
java – 0.4664 0.4132 0.2269 0.2206

Fig. 3. Community network for jung class dependency network (Fig. 1) revealed by the LP algorithm (modularity equalsQ = 0.7062). For each community
we show the distribution of classes over software packages (weakly represented packages are not shown), where colors indicate four high-level packages
of the framework (see Fig. 1). Communities clearly distinguish between high-level packages, but they do not completely coincide with the actual (bottom-
most) packages.

Weconclude that class dependencynetworks contain significant community structure that also reveals similar properties
as observed in other complex networks. Thus, besides scale-free degree distributions and the small-world effect, software
networks reflect another common network property, i.e. community structure.

To further address the validity of our results,webriefly discuss different phenomena that could promote the emergence of
community structure in software networks. Li et al. [16] and Jenkins andKirk [26] have discussed the influence of internal co-
hesion, i.e. functional strength of the components, and external coupling, i.e. inter-dependencies among components, on the
structure of software systems (and networks). Highly modular software should clearly demonstrate theminimum coupling-
maximum cohesion principle [55], which would naturally promote the emergence of strong structural modules within soft-
ware networks. The modularity of software networks thus reflects the modularity of underlying software systems.

Furthermore, Baxter et al. [25] have emphasized that object-oriented software is commonly developed according to Lego
hypothesis [56]. The hypothesis states that software is constructed out of a larger number of smaller components that are
relatively independent of each other. This phenomena should clearly reflect in software networks,where components should
emerge as network communities.

In summary, software networks enclose a strong natural tendency to form community structure. In the case of class
dependency networks, communities should, due to the above discussion and by intuition, correspond to software packages
(Fig. 3). This aspect is thoroughly explored and discussed in the proceeding section.

4.2. Relation of network communities to software packages

The analysis of the relation between network communities and software packages reveals that packages are considerably
different to communities. We first note that packages do not feature connectedness in class dependency networks (exact
results are omitted). The latter is regarded as a basic property of communities and states that communities should
correspond to connected sets of nodes. As a consequence, software packages can comprise of disconnected sets of nodes,
which is an indicator of relatively poor modular structure.

Let P represent the actual (bottom-most) software packages and let P+ represent packages that feature connectedness
(i.e. disconnected packages are treated as several different packages). Table 2 shows modularities of software packages for
the analyzed class dependency networks. The values are considerably lower than themodularities of the natural community
structures, revealed in the networks’ topologies (i.e. extracted by the algorithms). Thus, they cannot be regarded as an
indication of significant modular structure. Moreover, in Fig. 2 we show the distributions of package sizes for jung, javax
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Table 3
Peak (maximum) NMI between network communities, extracted by the algorithms, and software packages P for different
class dependency networks. Values were computed from 100 iterations (10 iterations for the EB algorithm). The results
indicate relatively poor correspondence between natural network communities and software packages.

Network EB MO LP P+

junit 0.6605 0.5823 0.6285 0.8412
jmail 0.5300 0.5248 0.5553 0.8379
flamingo 0.5686 0.5408 0.5590 0.7882
jung 0.6011 0.6094 0.6887 0.9187
colt – 0.4784 0.5277 0.6507
org – 0.5301 0.5385 0.9123
javax – 0.6365 0.6826 0.8096
java – 0.3453 0.3063 0.8386

Fig. 4. Community networks for class dependency network that represents classes within cern.colt and cern.jet packages of colt library (reduced
to the largest connected component). Networks correspond to the original software packages P (left) and communities, revealed with the LP algorithm
by refining software packages P (right). For each community we show the distribution of classes over software packages, where colors indicate high-level
packages of the library. Refined communities (i.e. packages) obtain significantly higher modularity and can still be related to the original packages.

and java networks. The distributions are obviously not characterized by power-laws, as observed in the case of communities
(distributions are, e.g., log-normal or stretched exponential, which coincideswith the observations in Ref. [25]). Last, we also
(directly) compare the packages with network communities by computing NMI of the corresponding partitions (Table 3).
The results further confirm the above observations – software packages only weakly relate to network communities and are
not characterized by the same laws or properties.

We stress that the origin of the disparity between network communities and software packages is not entirely evident.
The lack of connectedness of software packages, and low values of modularity, suggest that class dependency networks
give a poor representation of software systems, or disregard some relevant relations among classes (from the perspective
of software packages). However, different distributions of sizes clearly show that there is some additional departure
between the communities and software packages, which is independent of the actual network representation (i.e. class
dependencies).

Finally,wediscuss a particularly lowvalue ofmodularity for colt library packages (Table 2). As the library represents a core
framework for scientific computing, where the performance is often of greater importance than extensibility, maintenance
and modular structure, it is expected for the system to exhibit only poor modular structure. The modularity of software
packages thus reflects themodularity of the underlying software system,which in factmotivates the applications, presented
in the proceeding section.

4.3. Applications of community detection to software engineering

Due to the weak modular structure of software packages, an obvious application of community detection to software
engineering is to reveal highly modular packaging of software systems (Fig. 4). The choice of class dependencies (i.e. type
of the network) is in that case of course arbitrary. However, simply applying a community detection algorithm to employed
networks would often prove useless, as the identified communities would only hardly be mapped to the existing software
packages. The latter is vital due to the comprehension of the results. A simple solution is to start with the communities
that represent original software packages, and then refine them, using some community detection algorithm. The algorithm
should thus merely refine and merge the communities, where no new communities (i.e. labels) should be introduced. This
preserves original software packages, their hierarchy and identifiers, which enables complete comprehension of the final
results. An example can be seen in Fig. 4.

Another obvious application to software engineering is (network) abstraction. Community detection can be employed to
obtain a clear representation of software systems on a relatively high level of abstraction. Furthermore, one can also address
the centrality [57,58] (or other measures of influence) of the identified communities, to expose key nodes and structures
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Fig. 5. Community network for the javax class dependency network revealed by the LP algorithm (only the largest five connected components are shown;
modularity equalsQ = 0.7521). For each communitywe show the distribution of classes over software packages,where colors indicate high-level packages
of the library. The representation gives a clear insight into the structure of the javax namespace, and shows relations (i.e. dependencies) among different
sub-packages of the system.

throughout the entire system [33,10]. A simple application of community detection to software abstraction can be seen
in Fig. 5 (and Fig. 3).

The article represents seminal work in the area of applying network community detection methods and techniques in
software engineering. However, further work is needed to design sophisticated applications that would be of considerable
benefit in practice.

5. Conclusion

The article explores community structure of networks, constructed fromcomplex software systems (i.e. class dependency
networks). The main contribution is in showing that software networks reveal a significant community structure,
characterized by similar properties as commonly observed for other complex networks. Software networks thus reveal
another general network phenomena, besides scale-free degree distributions and the small-world effect, which is a
prominent observation for the software-law problem. Furthermore, the results are of even greater importance, as software
represents one of the most complex human made systems.

Future work will mainly focus on considering other types of class dependency networks that will include additional
relations among classes. Moreover, we will introduce the notions of positive and negative relations, to more adequately
model similarity and diversity among software classes. Due to the discussed limitations of modularity, the analysis should
also be extended to other measures of community structure. The main objective will be to establish further understanding
of (community) structure of class dependency networks, and to assess its relation to software packages. The results could
thus promote various novel applications in the software engineering domain.
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7
Razprava

V disertaciji so v prvi vrsti predstavljene različne metode in tehnike odkrivanja ka-

rakterističnih skupin vozlǐsč v omrežjih na osnovi izmenjave oznak [66]. Natančneje,

uravnoteženo izmenjavo oznak [138] v poglavju 3, ki izbolǰsa robustnost osnovnega

pristopa, napredno (npr. zadržano) izmenjavo oznak [99] v poglavju 4, ki izbolǰsa

natančnost pristopa ter s pomočjo slabljenja oznak prepreči nastanek velike skupine

v omrežju, in posplošeno izmenjavo oznak [72] v poglavju 5, ki še razširi pristop

na odkrivanje splošneǰsih skupin. Kot smo omenili že v poglavju 2, lahko predla-

gane razširitve in izbolǰsave med seboj tudi poljubno združujemo, dočim pa vse niso

vedno nujno potrebne. Na primer, uravnotežena izmenjava oznak pogosto odpravi

tudi pojav velike skupine, sploh če le-to uporabimo skupaj z zadržano izmenjavo,

zatorej slabljenje oznak v tem primeru ni potrebno [72, 139]. Omenimo, da je sicer

ob pomanjkanju znanja o proučevanem omrežju (posplošena) zadržana uravnotežena

izmenjava verjetno najprimerneǰsi pristop [73]. V literaturi pa so bile predlagane še

številne druge izbolǰsave izmenjave oznak (glej razdelek 1.2), vendar so primerjave

med pristopi razmeroma redke. Tako danes ni jasno kateri se najbolje obnesejo v

posameznih vrstah realnih omrežjih, kar odpira različne možnosti za nadaljnje delo.

Delo na odkrivanju skupin vozlǐsč v omrežjih je objavljeno v [72, 73, 99, 126, 138, 139].

Doktorska disertacija predstavlja tudi pomemben doprinos k razumevanju same

izmenjave med vozlǐsči ter nekaterih sorodnih procesov nad omrežji [150, 151] (npr.

oblikovanje mnenj v spletnih družabnih omrežjih). Predlagani pristopi za odkrivanje

skupin vozlǐsč namreč temeljijo na različnih značilnostih (t.j. obnašanju) procesa

izmenjave, kar lahko s pridom prenesemo tudi na druga področja.

Pri tem napredna izmenjava oznak prikazuje, da je moč preko preferenc vozlǐsč

(t.j. “moč” širjenja oznake) na izmenjavo vplivati tako, da le-ta doseže ravnovesno
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stanje z vnaprej določenimi lastnostmi (glej poglavje 4). Na drugi strani urav-

notežena izmenjava oznak temelji na spoznanju, da se vrstni red izmenjave odraža

podobno kot preference vozlǐsč (glej poglavje 3). Na podlagi tega kot preference

uvedemo protiuteži vozlǐsč, ki uravnotežijo sicer naključni vrstni red. Zdi pa se, da

je vsaj del slednjega nepotreben. Na primer, izmenjava oznak bi načeloma lahko

potekala v vnaprej določenem vrstnem redu, pri čimer bi pristop postal (skoraj)

determinističen in očitno robusten [138]. Vendar pa ni jasno, kakšen naj bo tedaj

vrstni red. Podobno se zdi, da bi s primernim vrstnim redom izmenjave, protiuteži

vozlǐsč lahko popolnoma opustili. Pri tem velja omeniti, da je izmenjava oznak v

omrežju dejansko ekvivalentna Pottsovemu modelu [152] (angl. Potts model) v stati-

stični mehaniki [122, 136]. Slednje fiziki proučujejo že od 50. let preteklega stoletja,

različna dognanja pa bi morda lahko uporabili tudi v zgornjem primeru.

Delo na robustnem odkrivanju skupin vozlǐsč v omrežjih je objavljeno v [138, 139].

Poleg omenjenega nekateri izmed predlaganih pristopov za odkrivanje skupin vo-

zlǐsč uporabljajo hierarhično preiskovanje omrežij [99, 126] (glej poglavje 4). Pri tem

na podlagi pridobljene razvrstitve v skupine zgradimo super-omrežje (angl. super-

network), kjer skupine predstavimo s super-vozlǐsči (angl. super-vertex, -node), ki

so povezana, v kolikor obstaja povezava tudi v prvotnem omrežju. Omenjen po-

stopek nato rekurzivno ponavljamo, na koncu pa vrnemo razvrstitev, ki ima npr.

najvǐsjo modularnost Q [69]. Posebej uspešen je pristop, pri katerem upoštevamo

tudi značilno jedrno-obrobno zgradbo [153] (angl. core-periphery structure) številnih

realnih omrežij [154]. Pristop najprej razkrije gosto jedro omrežja ter jasne skupine

vozlǐsč na obrobju, postopek pa nato rekurzivno ponovimo nad super-omrežjem, ki

predstavlja le jedro prvotnega [99]. Omenjena pristopa hierarhijo skupin gradita od

spodaj navzgor (angl. bottom-up). Uspešnost pa lahko še občutno izbolǰsamo tako, da

skupine od zgoraj navzdol (angl. top-down) naprej delimo v manǰse [73], razvrstitev

pa sicer določimo po metodi največjega verjetja [155] (angl. maximum likelihood).

Delo na hierarhičnem odkrivanju skupin vozlǐsč v omrežjih je objavljeno v [73, 99, 126].

Posplošena izmenjava oznak razširi osnovni pristop na bolj splošne skupine vo-

zlǐsč, t.j. skupnosti in module (glej poglavje 5). Kot smo omenili že v poglavju 2,

je pri tem pomembno, da vnaprej presodimo, kje v omrežju je moč pričakovati

določeno vrsto skupin. Na primer, izjemno uspešna je strategija na osnovi popra-

vljene nakopičenosti [145] (angl. degree-corrected clustering), ki meri gostoto omrežja

v okolici posameznega vozlǐsča, pri čimer upošteva tudi odvisnosti med stopnjami

sosednjih vozlǐsč [146]. Skupnosti namreč navadno najdemo v delih omrežja z visoko

nakopičenostjo, prav nasprotno pa velja za module [73, 139] (glej sliko 7.1). Pouda-
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Slika 7.1: Metabolično omrežja ogorčice “C. elegans” [156], omrežje odvisnosti dela

programskega jezika “Java” [117], beljakovinsko omrežje kvasovke “S. cerevisiae” [46]

ter električno omrežje zahodnega dela Amerike [22] (od leve proti desni). Skupnosti

in module vozlǐsč navadno najdemo v delih omrežij z visoko (modro) oziroma nizko

(oranžno) nakopičenostjo [145] (glej tekst). Slika je povzeta po [73].

rimo, da je omenjen pristop vsaj primerljiv z najbolǰsimi drugimi v literaturi [72, 73],

vendar je računanje nakopičenosti v velikih omrežjih lahko relativno zahtevno. Pri

tem pa teorija in različne analize nakazujejo, da bi bilo podobno uspešnost morda

moč doseči tudi s pomočjo analize odvisnosti med vozlǐsči ter nekaterih drugih la-

stnosti realnih omrežij [73, 144], kar ponuja številne možnosti za nadaljnje delo.

Delo na analizi skupin vozlǐsč v realnih omrežjih je objavljeno v [72, 73, 139].

Med verjetno najočitneǰse primere omrežij, v katerih najdemo tako jasne skupno-

sti kot tudi module, pa sodijo omrežja odvisnosti kompleksnega programja [73, 117],

ki jih obravnavamo v poglavju 6. Pri tem povezava med paketi pripadajočih pro-

gramskih knjižnic ter različnimi skupinami vozlǐsč v programskih omrežjih omogoča

številne primere uporabe [117, 120]. Poudarimo, da je zgradbo programja sicer

moč proučevati tudi preko drugih splošnih lastnosti realnih omrežij [120]. Na pri-

mer, potenčna porazdelitev [23] vhodnih stopenj vozlǐsč nakazuje na veliko ponovno

uporabnost programja, dočim pa v primeru izhodnih stopenj slednje predstavlja

razmeroma zapleteno programsko kodo. Podobno lahko pojav malega sveta [22] v

programskih omrežjih pogosto enačimo z dobro zasnovano in strukturirano kodo, ter

z značilnostmi same domene. Na drugi strani pa je moč tudi lastnosti posameznih vo-

zlǐsč v programskih omrežjih povezati z različnimi značilnostmi programja [116, 120].

Praktično orodje za proučevanje kompleksnega programja na osnovi analize omrežij

bi tako lahko predstavljalo pomemben doprinos v programskem inženirstvu.

Delo na analizi programskih omrežij je objavljeno v [72, 73, 117, 120, 139].
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8
Zaključek

Doktorska disertacija se ukvarja predvsem z odkrivanjem in proučevanjem karak-

terističnih skupin vozlǐsč v realnih omrežjih. Predstavljene so različne metode in

tehnike odkrivanja skupin na osnovi izmenjave oznak med vozlǐsči [66], ki močno

izbolǰsajo robustnost in natančnost osnovnega pristopa [99, 138], hkrati pa pristop

razširijo še na odkrivanje splošneǰsih skupin vozlǐsč [72] (t.j. skupnosti in modulov).

Predlagane razširitve in izbolǰsave tako skupaj predstavljajo celovit pristop, pri tem

pa ne zahtevajo nikakršnega predhodnega znanja o zgradbi omrežja (npr. število

ali vrsto skupin). Uspešnost na sintetičnih in realnih omrežjih je vsaj primerljiva

z najbolǰsimi pristopi v literaturi [73, 99], asimptotična časovna zahtevnost pa je

blizu idealne [99] (t.j. linearne). Slednje je v primeru velikih realnih omrežij ključno.

Poleg tega so predlagani pristopi enostavni za razumevanje in implementacijo ter

omogočajo vključitev poljubnega dodatnega znanja o proučevani domeni. Z ome-

njenimi lastnostmi se lahko ponašajo le redki drugi pristopi v literaturi [54], tako

pričujoča disertacija predstavlja velik napredek na področju odkrivanja karakteri-

stičnih skupin vozlǐsč v omrežjih ter hkrati pomemben doprinos k znanosti.

Disertacija se osredotoča tudi na proučevanje skupin vozlǐsč v omrežjih objektno-

umerjenega programja. To verjetno predstavlja eno od najkompleksneǰsih človeških

stvaritev, kljub temu pa je le malo znanega o zgradbi dobrega programja [104].

Analize sicer kažejo, da programska omrežja vsebujejo izrazite skupine vozlǐsč, ki

razmeroma dobro pojasnijo njihovo zgradbo [73, 117], hkrati pa hierarhije skupin

(delno) sovpadajo z organizacijo pripadajočih programskih knjižnic [72, 117]. Pri

tem prvo predstavlja pomemben doprinos k razumevanju zgradbe velikih realnih

omrežij [73] (na nivoju skupin vozlǐsč), slednje pa omogoča številne praktične primere

uporabe v programskem inženirstvu ter tudi drugod [117, 120].
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86 Zaključek

Nadaljnje delo na področju disertacije bo temeljilo na izhodǐsčih, ki smo jih v

večini že nakazali v poglavju 7. V prvi vrsti bodo med seboj primerjani in kritično

ovrednoteni različni pristopi izmenjave oznak, ki so bili predstavljeni v literaturi.

Trenutno je v teku analiza 25 različnih izbolǰsav in razširitev osnovnega pristopa,

nabor pa bo v prihodnosti še razširjen na npr. prekrivajoče skupine. Poleg tega bo

podrobneje proučena povezava med nekaterimi različicami osnovnega pristopa (npr.

vrstni red izmenjave), kar lahko omogoči razvoj še učinkoviteǰsih algoritmov.

Delo pa se bo nadaljevalo tudi na proučevanju povezave med karakterističnimi

skupinami vozlǐsč ter drugimi lastnostmi omrežij. Slednje lahko pripelje do iz-

bolǰsanih pristopov za odkrivanje splošnih skupin vozlǐsč, ter do razvoja modelov

naključnih omrežij, ki bi lahko pojasnili obstoj različnih skupin v realnih omrežjih.

Posebna pozornost bo namenjena programskim omrežjem, ter primerom uporabe v

programskem inženirstvu, trenutno delo na področju pa je predstavljeno v [73].
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[11] L. Freeman, “A set of measures of centrality based on betweenness”, Sociometry, št. 40, zv. 1,
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[19] F. R. Pitts, “A graph theoretic approach to historical geography”, Professional Geographer,
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[25] L. Šubelj, S. Žitnik, A. Zrnec, A. Kumer, B. Klemenc, D. Lavbič & M. Bajec, “Lastnosti ve-
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[28] L. A. Adamic & N. Glance, “The political blogosphere and the 2004 U.S. election”, v Proce-

edings of the KDD Workshop on Link Discovery, Chicago, IL, USA, str. 36–43, 2005.

[29] “Opte Project”. http://www.opte.org/, 2003.

[30] U. Kang, C. E. Tsourakakis, A. P. Appel, C. Faloutsos & J. Leskovec, “Radius plots for

mining tera-byte scale graphs: Algorithms, patterns, and observations”, v Proceedings of the

SIAM International Conference on Data Mining, Columbus, OH, USA, 2010.

[31] V. Batagelj & A. Mrvar, “Pajek: Program for large network analysis”, Connections, št. 21,
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[117] L. Šubelj & M. Bajec, “Community structure of complex software systems: Analysis and

applications”, Physica A: Statistical Mechanics and its Applications, št. 390, zv. 16, str. 2968–
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Technology, št. 27, zv. 3, str. 468–479, 2012.
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